
The di�erential form of Gauss' law

If you have a collection of charges you can always �nd bothE(r ) and V (r ) at any point by using Coulomb's law and
superposition. What actually happens in practical, real-world applications is that you do not know the values and
positions of charges, but you do know voltages on surfaces that bound regions of space that you need to �nd the
�eld in. This is because those surfaces are often conductors. In this case there are tools for �nding the �eld either
exactly or numerically, and they are based on Gauss' law.

(x,y+dy,z)(x,y−dy,z)

(x,y,z+dz)

(x,y,z−dz)

(x−dx,y,z)

(x+dx,y,z)

2 dy

2 dx

2 dz

Consider an empty rectangular block of space sur-
rounding the point ( x; y; z) = r . The block has
dimensions 2dx × 2dy × 2dz. The centers of the
six faces are the points (x ± dx; y; z), (x; y ± dy; z),
and (x; y; z ± dz). According to Gauss' law the 
ux
through the six walls of the empty cube is zero;

F =
∮

S
E · n dA

and this is the sum of six terms, one for each face of
the block; writing out all six terms in pairs showing
explicitly the �eld values, normals and areas for each
face we obtain

0 =
(

E(x; y; z + dz)
)

· (k) (2dx × 2dy) +
(

E(x; y; z − dz)
)

· (−k) (2dx × 2dy)

+
(

E(x + dx; y; z)
)

· (i ) (2dz × 2dy) +
(

E(x − dx; y; z)
)

· (−i ) (2dz × 2dy)

+
(

E(x; y + dy; z)
)

· (j ) (2dz × 2dx) +
(

E(x; y − dy; z)
)

· (−j ) (2dz × 2dx)

Do the dot products, and divide the entire resulting formula by the volume of the block d3V = 2 dx × 2dy × 2dz;

0 =
(Ez(x; y; z + dz) − Ez(x; y; z − dz)

2dz

)
+

(Ey(x; y + dy; z) − Ey(x; y − dy; z)
2dy

)

+
(Ex(x + dx; y; z) − Ex(x − dx; y; z)

2dx

)

and take the limits as dx; dy; dz → 0 to obtain the di�erential form of Gauss' law in empty space

@Ez
@z

+
@Ey
@y

+
@Ex
@x

= 0

If we insert the gradient relation between voltage and �eld into this, we obtain the Laplace equation

0 =
@2V
@z2

+
@2V
@y2

+
@2V
@x2

We will perform somewhat similar manipulations to turn Fara day's and Ampere's laws into di�erential forms in our
initial study of optics and light, and so we will need to be able to work with ∇ and ∇2 in Cartesian, polar, and
cylindrical coordinates.
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1 Vector calculus. The gradient

The gradient is a vector of derivatives de�ned by

∇f (x; y; z) =
@f
@x

i +
@f
@y

j +
@f
@z

k

that has a particularly important signi�cance. It is the ins tance of a directional derivative, that points in the direct ion
of the most rapid increase of the functionf . This explains quite a bit about the relation between �eld and potential;

The electric �eld at point P points in the direction of the most rapid decrease in voltage .
This is quite easy to prove. We will do so in two dimensions.
Proof; . Let P = ( x; y) and examine the voltage di�erence betweenP and any point on a circle of radius A
surrounding P;

� V = V (x; y) − V (x + a cos�; y + a sin � ) ≈ −a cos�
@V
@x

− a sin�
@V
@y

+ O(a2)

Now extremize this with respect to direction � ;

0 =
@� V

@�
= a sin �

@V
@x

− a cos�
@V
@y

+ O(a2)

or

0 = (cos �; sin � ) · (−
@V
@y

;
@V
@x

)

Solving this for the unit vector (cos �; sin � ) results in our expected conclusion

(cos�; sin � ) =
1√

( ∂V
∂x )2 + ( ∂V

∂y )2
(
@V
@x

;
@V
@y

) =
∇V
|∇V |

and so the function decreases most rapidly in the direction of the gradient vector for V .

Problems

1 Perform an identical proof for three dimensions of the gradient property. Hint: use

� V = V (x + a sin � cos�; y + a sin� sin �; z + a cos� ) − V (x; y; z)

and extremize with respect to � and � .

1.1 Other Coordinate Systems

In mechanics one often needs to express a vector in terms of unit vectors in new curvilinear coordinate systems such
as spherical, polar, parabolic or elliptic. The need also arises in electromagnetism. How is this done in general?
In a curvilinear coordinate system with coordinatesu1; u2 and u3, there are surfacesu1 = c1, u2 = c2, u3 = c3 of
constant coordinate, and these surfaces should be orthogonal to one another if these coordinates are to be useful.
Example In spherical coordinatesr = c is a sphere

√
x2 + y2 + z2 = c centered on the origin of radiusc, and � = c0

is a plane containing thez-axis. This cuts through the spherer = c perpendicularly to its surface, since radii lie in
the plane. The surface� = c00is a cone whose axis is thez-axis, whose apex or point is at the origin, This cone also
cuts the surfacer = c perpendicularly.

Consider the motion of an object with position

r = xi + yj + zk = x(u1; u2; u3)i + y(u1; u2; u3)j + z(u1; u2; u3)k
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which can be thought of as being parameterized by the three new coordinatesu1; u2 and u3. Then the component
of the \velocity" in the u1 direction is the tangent vector

@r
@u1

=
@x
@u1

i +
@y
@u1

j +
@z
@u1

k

and this can be made into a unit vector by dividing by its length h1

e1 =
∂x

∂u1
i + ∂y

∂u1
j + ∂z

∂u1
k

| ∂x
∂u1

i + ∂y
∂u1

j + ∂z
∂u1

k|
=

∂r
∂u1

| ∂r
∂u1

|
=

∂r
∂u1

h1

and do the same in turn with the other components of the \velocity"

e2 =
∂x

∂u2
i + ∂y

∂u2
j + ∂z

∂u2
k

| ∂x
∂u2

i + ∂y
∂u2

j + ∂z
∂u2

k|
=

∂r
∂u2

| ∂r
∂u2

|
=

∂r
∂u2

h2
; e3 =

∂x
∂u3

i + ∂y
∂u3

j + ∂z
∂u3

k

| ∂x
∂u3

i + ∂y
∂u3

j + ∂z
∂u3

k|
=

∂r
∂u3

| ∂r
∂u3

|
=

∂r
∂u3

h3

These equations can be inverted to givei; j and k as linear combinations ofe1, e2, and e3, which is all we need to
write the vector in the new coordinate system.

Example In cylindrical coordinates the position vector is

r = xi + yj + zk = � cos� i + � sin � j + zk

then

eρ =
cos� i + sin � j

| cos� i + sin � j|
= cos � i + sin � j; eφ =

−� sin � i + � cos� j
| − � sin � i + � cos� j|

= − sin� i + cos � j

ez =
k
|k|

= k

which we now invert to get (another common notation is ^� = eρ, �̂ = eφ, and so on. We may use this notation on
occasion)

i = cos � eρ − sin � eφ; j = sin � eρ + cos � eφ; k = ez

Expression of a vector with Cartesian components

v = vxi + vyj + vzk

is now trivial; for example in polar coordinates we will have

v = vρeρ + vφeφ + vzez = vx (cos� eρ − sin � eφ) + vy (sin � eρ + cos � eφ) + vzez

= ( vx cos� + vy sin � ) eρ + ( vy cos� − vx sin � ) eφ + vzez

giving us
vρ = ( vx cos� + vy sin � ); vφ = ( vy cos� − vx sin � ); vz = vz

This is only mildly tedious, but the more advanced methods ofCartan Calculus and Vierbein can actually reduce
all of these operations to one step.

The new unit vectors are not constant in direction from point to point like the Cartesian unit vectors, and this must
be taken into account in dynamics and kinematics. For example in polar coordinates, as the radius� , angle � of a
particle changes, the unit vectors change absolute orientation

d
dt

eρ =
d
dt

(cos� i + sin � j) = _� (− sin� i + cos � j) = _� eφ

and
d
dt

eφ =
d
dt

(− sin� i + cos � j) = _� (− cos� i − sin � j) = − _� eρ;
d
dt

ez = 0
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and so for such a particle, the velocity vector will be

d
dt

r =
d
dt

(� cos� (cos� i + sin � j) + � sin � (− sin � i + cos � j) + zez) =
d
dt

(� eρ + zez)

= _� eρ + �
d
dt

eρ + _zez = _� eρ + � _� eφ + _z ez

similarly one can show that
d2

dt2 r = (•� − � _� 2) eρ + ( � •� + 2 _� _� ) eφ + •z ez

is the correct form of the acceleration.

You will need to be able to deal with Cartesian, polar and sphereical coordinates in typical physics applications
using vector calculus, as well as integral calculus of areasand volumes. For example we know that in Cartesian
coordinates

∇ =
@
@x

i +
@
@y

j +
@
@z

k

but what does this look like in sphereical coordinates?

90−θx

y

z

φ

From this �gure and some trigonometry we can deduce that

r =
√

x2 + y2 + z2; � = tan � 1 z√
x2 + y2

; � = tan � 1 y
x
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These are really all that we need. There are certainly far more powerful methods to get the vector derivatives in
new coordinate systems than what we will use here, but our approach will not introduce any new math, it will rely
on what we already know.
First of all the radial unit vector is (dispensing with the li ttle hats over the unit vectors for now)

r r = x i + y j + z k; r =
x i + y j + z k

r

If we solve for x, y, and z in terms of r , � and � in the equations above we �nd that

x = r cos� sin �; y = r sin � sin �; z = r cos�

and therefore
r = cos � sin � i + sin � sin � j + cos � k

Di�erentiate this with respect to � ;
@

@�
r = − sin � sin � i + cos � sin � j

which is perpendicular to r;
( @

@�
r

)
· r = 0

and so must be a linear combination ofφ and θ. Since the length of this new vector is sin� , you can see that

@
@�

r = sin � φ; so that φ = − sin� i + cos � j

Similarly
@
@�

r = sin � cos� i + cos � cos� j − sin� k = −θ

and so we now have some useful expressions for translating vectors from Cartesian to spherical coordinates. Keep in
mind that

r · φ = r · θ = θ · φ = 0 ; r · r = θ · θ = φ · φ = 1

r→

φ→

θ→
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What about derivatives?
We can compute all of the derivatives in a pretty straightforward but tedious manner;

@�
@x

=
−zx

√
x2 + y2

1
z2 + x2 + y2 = −

cos� cos�
r

@�
@y

=
−zy

√
x2 + y2

1
z2 + x2 + y2 = −

cos� sin �
r

@�
@z

=
1√

x2 + y2

1

1 + z2

x2 +y2

=
sin�

r

@r
@x

=
x
r

= cos � sin �;
@r
@y

=
y
r

= sin � sin �; ;
@r
@z

=
z
r

= cos �

and
@�
@x

= −
y

x2 + y2 = −
sin �

r sin �
;

@�
@y

=
x

x2 + y2 =
cos�

r sin �
;

@�
@z

= 0

We can now assemble all of this data and construct out spherical coordinates-gradient;

@
@x

=
@r
@x

@
@r

+
@�
@x

@
@�

+
@�
@x

@
@�

= cos � sin �
@
@r

−
cos� cos�

r
@
@�

−
sin �

r sin �
@

@�

similarly
@
@y

= sin � sin �
@
@r

−
cos� sin �

r
@
@�

+
cos�

r sin �
@

@�

@
@z

= cos �
@
@r

+
sin �

r
@
@�

and so

∇ =
@
@x

i +
@
@y

j +
@
@z

k

becomes after substitution of the derivatives above and a regrouping of terms;

= (cos � sin � i + sin � sin � j + cos � k)
@
@r

−
(sin � cos� i + cos � cos� j − sin � k)

r
@
@�

+
(− sin� i + cos � j )

r sin �
@

@�

= r
@
@r

+
θ
r

@
@�

+
φ

r sin �
@

@�

∇ = r
@
@r

+
θ
r

@
@�

+
φ

r sin �
@

@�

We can now construct the Laplacian , which we will soon discover plays a central role in all that follows

∇2 = ∇ · ∇ =
(
r

@
@r

+
θ
r

@
@�

+
φ

r sin �
@

@�

)
·
(
r

@
@r

+
θ
r

@
@�

+
φ

r sin �
@

@�

)

We need to be very carefull in expanding this out, remember that all of the unit vectors depend on� and � , and so
the derivatives will have an e�ect on them. For example

@
@�

θ = −(cos� sin � i + sin � sin � j + cos � k) = −r

@
@�

φ = 0
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@
@r

θ =
@
@r

φ =
@
@r

r = 0

and
@

@�
θ = sin � cos� i − sin � cos� j = − cos� φ

If you are simply careful and persistant, you can show that

∇2 =
1
r 2

( @
@r

r 2 @
@r

)
+

1
r 2 sin�

@
@�

(
sin �

@
@�

)
+

1
r 2 sin2 � 2

@2

@�2

Problems

2 For cylindrical polar coordinates

ρ = cos � i + sin � j ; φ = − sin� i + cos � j ; k = k

and
� =

√
x2 + y2; � = tan � 1 y

x
; z = z

Prove that

∇ = ρ
@
@�

+
φ
�

@
@�

+ k
@
@z

and

∇2 =
1
�

@
@�

�
@
@�

+
1
� 2

@2

@�2
+

@2

@z2

3 For parabolic coordinates

x = uv cos�; y = uv sin�; z =
1
2

(u2 − v2)

Invert these to get u = u(x; y; z), v = v(x; y; z), � = � (x; y; z) and �nd the gradient in this coordinate system.

4 For spherical coordinates

x = r cos� sin �; y = r sin � sin �; z = r cos�

show that
er = cos � sin � i + sin � sin � j + cos � k

eθ = cos � cos� i + sin � sin cosj − sin � k

eφ = − sin� i + cos � j

and invert these to get
i = cos � sin � er + cos � cos� eθ − sin � eφ

j = sin � sin � er + sin � cos� eθ + cos � eφ

k = cos � er − sin � eθ

5 For spherical coordinates show that

d
dt

er = _� eθ + sin � _� eφ;
d
dt

eθ = − _� er + cos � _� eφ;
d
dt

eφ = − sin� _� er − cos� _� eθ

6 For spherical coordinates show that the velocity vector is

d
dt

r = _r er + r _� eθ + r sin � _� eφ
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1.2 Calculus in curvilinear coordinate systems

The methods for computing ∇ and ∇2 in the last section are purely brute force and are quite tedious to actually
perform. There is a much more analytical procedure for constructing volume and area measures, and the vector
derivatives in curvilinear coordinate systems in which the fundamental unit vectors are unit tangents to families
of curves. Consider for example a parameterization of points in three dimensional space

r = r (�; �; 
 ) = ( x(�; �; 
 ); y(�; �; 
 ); z(�; �; 
 ))

Then the curves
r (t) = r (� (t); �; 
 )

connect di�erent � = constant ,
 = constant surfaces. We know that the tangent vector to a parameterizedcurve
such as this is thet derivative

T α(t) =
d
dt

r (� (t); �; 
 )

The direction of this vector is that of increasing � value, and so we use it to de�ne a unit vectorα

T α(t) =
d
dt

r (� (t); �; 
 ) = hα _� α

and can do the same using parameterized curves in the� and 
 directions as well

T β (t) =
d
dt

r (�; � (t); 
 ) = hβ _� β; T γ(t) =
d
dt

r (�; �; 
 (t)) = hγ _
 γ

If all three of these new unit vectors are mutually orthogonal, we can use them as an orthonormal basis for vectors
in three dimensions, and use� , � and 
 as coordinates. So we will now work only with such curves, requiring

α · β = α · γ = γ · β = 0

Example Spherical coordinates

x = r cos� sin �; y = r sin � sin �; z = r cos�

and so
d
dt

r (r (t); �; � ) = (cos � sin �; sin � sin �; cos� )
dr
dt

= hr
dr
dt

r

taking the norm of both sides, we see that

hr = 1 ; r = (cos � sin �; sin � sin �; cos� )

Similarly
d
dt

r (r; � (t); � ) = ( r cos� cos�; r sin � cos�; −r sin � )
d�
dt

= hθ _� θ

Again take norms of both sides, remembering thatθ is a unit vector;

hθ = r; θ = (cos � cos�; sin � cos�; − sin� )

and �nally
d
dt

r (r; �; � (t)) = ( −r sin � sin �; r cos� sin �; 0)
d�
dt

= hφ _� φ

and we obtain
hφ = r sin �; φ = ( − sin�; cos�; 0)

Already one can see that this procedure is much less error-prone than our previous methods.
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The gradient is particularly easy to compute using these constructions. Begin with

∇f =
@f
@x

i +
@f
@y

j +
@f
@z

k

and

α =
1

hα

d
d�

r =
1

hα
(
dx
d�

;
dy
d�

;
dz
d�

)

and propose that
∇f = Aα + B β + Cγ

and then

A = ∇f · α =
(@f

@x
i +

@f
@y

j +
@f
@z

k
)

·
( 1

hα
(
dx
d�

i +
dy
d�

j +
dz
d�

k)
)

=
1

hα

(@f
@x

@x
@�

+
@f
@y

@y
@�

+
@f
@z

@z
@�

)
=

1
hα

@f
@�

by the chain rule, and similarly for B and C. We obtain

∇f =
1

hα

@f
@�

α +
1

hβ

@f
@�

β +
1

hγ

@f
@


γ

Example Spherical coordinates

∇f =
@f
@r

r +
1
r

@f
@�

θ +
1

r sin�
@f
@�

φ

The di�erential volume element used for computing volume integrals can be gotten by considering the volume of
di�erential cells and using the triple product. We �nd that

dV = (
dr
d�

×
dr
d�

) ·
dr
d


d� d� d
 = hα hβ hγ(α × β) · γ d� d� d
 = hα hβ hγ d� d� d


because of the orthonormality of our unit vectors.
Example Spherical coordinates

dV = dx dy dz = (1)( r )( r sin � )dr d� d� = r 2 sin � dr d� d�

Our �nal requirement is for an expression for the divergenceof a vector �eld V

V = Vxi + Vyj + Vzk = Vαα + Vββ + Vγγ

since tjhis together with the formula for the gradient will a llow us to determine the Laplacian in curvilinear coordi-
nates. The divergence is most simply gotten from a limiting case of the Divergence Theorem;

∇ · V = lim
V! 0

∫
V ∇ · V dV

V
= lim

V! 0

∮
s=∂V V · n dA

V

Consider the cell illustrated in the previous �gure,and compute

V · n dA = Vαα · (
dr
d�

×
dr
d


) d� d


over the back surface;
V · n dA = Vα hβhγ d� d
 α · (β × γ) = −Vα hβhγ d� d
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if � increases in the direction out of the page. Now compute the same quantity over the front of the cell closest to
you;

V · n dA = ( Vα(� + d�; �; 
 ))α ·
(dr (� + d�; �; 
 )

d�
×

dr (� + d�; �; 
 )
d


)
d� d


Expand in Taylor series;

= ( Vα +
@Vα
@�

d� + · · · )α ·
(
(hββ +

@
@�

((hββ)d� + · · · ) × (hγγ +
@

@�
(hγγ) d� + · · · )

)
d� d


Now we expand this and only keep terms up to �rst order in d� ;

= ( Vα +
@Vα
@�

d� + · · · )
(
hβhγβ × γ + d� (

@
@�

(hββ) × hγγ + hββ ×
@

@�
(hγγ) + · · · ) · α

and we can combine the last few terms using the chain rule

= ( Vα +
@Vα
@�

d� + · · · )
(
hβhγβ × γ + d�

@
@�

(hβhγ β × γ) + · · · ) · α

Since our unit vectors are orthonormal,β × γ = −α as drawn, but ∂
∂α α will be perpendicular to α, and so the dot

product will annihilate any terms involving the derivative of β × γ, so we obtain

= ( Vα +
@Vα
@�

d� + · · · )
(
hβhγβ × γ + d�

@
@�

(hβhγ) β × γ + · · · ) · α

=
(
Vαhβhγ + Vα d�

@
@�

(hβhγ) + d�
@Vα
@�

hβhγ + O(� 2)
)
(β × γ) · α

= Vαhβhγ + d�
@

@�
(Vαhβhγ)

Adding together the surface integral contributions from the front and back surfaces of the cell we obtain a contribution
to the surface integral of

@
@�

(Vαhβhγ)

and a similar calculation for bottom and top, left and right s ides results in
∮

S
V · n dA =

@
@�

(Vαhβhγ) +
@

@�
(Vβhαhγ) +

@
@


(Vγhβhα)

and dividing by the volume hαhβhγ of the cell we get

Div V = ∇ · V =
1

hαhβhγ

( @
@�

(Vαhβhγ) +
@

@�
(Vβhαhγ) +

@
@


(Vγhβhα)
)

Combining our results for gradient and divergence we discover that

∇2f =
1

hαhβhγ

( @
@�

(
@f
@�

hβhγ

hα
) +

@
@�

(
@f
@�

hαhγ

hβ
) +

@
@


(
@f
@


hβhα

hγ
)
)

These expressions are particularly easy to use since only the three hi functions need to be determined in order to
work with vector derivatives in curvilinear coordinates.
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1.3 Surface Integrals

can be computed for the surfaces� = constant very simply by noting that such surfaces have normal n = α and so

dA = (
dr
d�

×
dr
d


) · α d� d
 = hβhγ d� d


Example The area of a torus.
The torus is the locus of points

r = (( a + r cos� ) cos
; (a + r cos� ) sin 
; r sin � )

with both � and 
 running from zero to 2� . Then

|
dr
d�

×
dr
d


| = r (a + r cos� )

and our torus has area

A =
∫ 2π

0
d�

∫ 2π

0
d
 (r 2 cos� + ra) = 4 � 2ra

in complete agreement with Pappus's theorem pertaining to the areas of surfaces of revolution!

Problems

7 Demonstrate that the arc length in curvilinear coordinates is

ds2 = h2
α(d� )2 + h2

β(d� )2 + h2
γ(d
 )2

8 Bipolar Coordinates are extremely useful for solving boundary conditions on non-concentric spheres. The
coordinates are

(x; y; x ) = r = (
c sin� cos�

cosh� − cos�
;

c sin � sin �
cosh� − cos�

;
c sinh �

cosh� − cos�
)

with 0 ≤ � ≤ � , −∞ < � < ∞ and −� < � ≤ � . Demonstrate that

hα = hβ =
c

cosh� − cos�
; hφ =

csin�
cosh� − cos�

and

∇2 =
@

@�
sin �

cosh� − cos�
@

@�
+

@
@�

sin�
cosh� − cos�

@
@�

+
1

sin� (cosh� − cos� )
@2

@�2

1.4 Vector calculus theorems

The derivation of this di�erential form of Coulomb's law use s a vector identity called

1.4.1 The Divergence Theorem

Consider the volume integral of∇ · E over the volume V illustrated below and let

A = S1 ∪ S2

be the closure of a volumeV that S1 and S2 form the bounding surfaces forV .
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n
2

n 1

dA
2

dA1
S

1
z=f(x,y)

S
2

z=g(x,y)

k

n 1

dA 1

dx
dy

Then
∫ ∫ ∫

V

@Ez
@z

dx dy dz =
∫ ∫

A
dx dy

( ∫ z=f

z=g

@Ez
@z

dz
)

=
∫ ∫

A

(
Ez(x; y; f (x; y)) − Ez(x; y; g(x; y))

)
dx dy

but
k · n1 dA1 = dx dy; −k · n2 dA2 = dx dy

and so
∫ ∫

A

(
Ez(x; y; f (x; y)) − Ez(x; y; g(x; y))

)
dx dy =

∫ ∫

S2

k · n2 Ez(x; y; f ) dA2 +
∫ ∫

S1

k · n1 Ez(x; y; g) dA1

but the union of these two surfaces is the entireS;
∫ ∫ ∫

V

@Ez
@z

dx dy dz =
∫ ∫

S
k · n Ez dA

add together similar terms for the other three directions to obtain

∫ ∫ ∫

V
(
@Ex
@x

+
@Ey
@y

+
@Ez
@z

)dx dy dz =
∫ ∫ ∫

V
∇ · Edx dy dz

=
∫ ∫

S
(iEx + jEy + kEz) · n dA

=
∫ ∫

S
E · n dA

which is the statement of the divergence theorem.
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1.4.2 Planar Green's Theorem

Let � be a function of x and y, and A be a planar are bounded by a curve. Let the curve from c to d bey = Y1(x)
and from d to c be y = Y2(x). Then

−
∫ ∫

@�
@y

dx dy = −
∫ B

A
dx

∫ y=Y2

y=Y1

@�
@y

dy

= −
∫ B

A
dx(�( x; Y2(x)) − �( x; Y1(x)))

= −
∫ B

A
dx�( x; Y2(x)) + −

∫ A

B
dx�( x; Y1(x))

=
∫ A

B
dx�( x; Y2(x)) +

∫ B

A
dx�( x; Y1(x)) =

∮

C
�( x; y)dx

Similarly ∫ ∫
@� 0

@x
dx dy =

∮

C
� 0dy

Let
� = Vx; � 0 = Vy

add the two results to get Green's theorem
∮

C
(Vxdx + Vydy) =

∮

C
V · dr =

∫ ∫
(
@Vy
@x

−
@Vx
@y

) dx dy =
∫ ∫ (

∇ × V
)

· n dA

This theorem applies in general to any area with normaln, with a bounding curve C, be it planar or not;
∮

C
V · dr =

∫ ∫ (
∇ × V

)
· n dA

and we can apply it to our magnetic �eld and insert the
∮

C
V · dr =

∫ ∫ (
∇ × V

)
· n dA

Problems

We will use some of the concepts of this section to shed light on Cauchy's theorem.
9 a. Let N (x; y) and M (x; y) be two functions that satisfy

@M
@y

=
@N
@x

everywhere within a simply connected region. LetC be a closed curve lying entirely within this region. Use Green's
theorem to prove that ∮

C
(M dx + N dy) = 0

b. Show that for such a curve, that
∮

C (M dx + N dy) = 0 implies that ∂M
∂y − ∂N

∂x = 0 and that this means that
∇ × (M i + N j) = 0.
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