The di erential form of Gauss' law

If you have a collection of charges you can always nd bothE(r) and V (r) at any point by using Coulomb's law and
superposition. What actually happens in practical, real-world applications is that you do not know the values and
positions of charges, but you do know voltages on surfaces # bound regions of space that you need to nd the
eld in. This is because those surfaces are often conductordn this case there are tools for nding the eld either

exactly or numerically, and they are based on Gauss' law.

(x,y,z+dz)
o) Consider an empty rectangular block of space sur-
1 rounding the point (x;y;z) = r. The block has
(x-dx,y,2) dimensions 2dx x 2dy x 2dz. The centers of the
e six faces are the points x + dx;y;z), (x;y = dy;2),
and (x;y;z £dz). According to Gauss' law the ux
: through the six walls of the empty cube is zero;
Qv @ ©
(x,y-dy,z) - (x,y+dy,z -
S S SO PR PRSPPSO F = E-ndA
S
2dz
X+dX,Y,Z) . ,
( y _,)@ and this is the sum of six terms, one for each face of
' 5 2 dx the block; writing out all six terms in pairs showing
(x,y,z-dz) explicitly the eld values, normals and areas for each
o face we obtain
2 dy
1 1 1 1
0= E(xy;z+dz) -(k)@dxx2dy)+ E(x;y;z—dz) -(—k)(2dx x 2dy)
1 1 1 1
+ E(x+ dx;y;z) -(i)(2dzx2dy)+ E(x—dx;y;z) -(—i)(2dz x 2dy)
1 1 1 1

+ E(y+dy;z) -(j)(2dzx2dx)+ E(xy —dy;2) - (—j)(2dz x 2dx)

Do the dot products, and divide the entire resulting formula by the volume of the block d3V = 2dx x 2dy x 2dz;

_ MEuxyiz+ d2) —E,(xyiz —d2) ':+' "BV (G + dyi2) —Ey(xy —dyi))

0 2dz 2dy

N LEL(x+ dxy;2) — Ex(x —dxy;2)
2dx
and take the limits as dx; dy; dz — O to obtain the di erential form of Gauss' law in empty space
% + % + % =0
@z @y @x

If we insert the gradient relation between voltage and eld into this, we obtain the Laplace equation
@v @V @V

= + +
@z @y O%

We will perform somewhat similar manipulations to turn Faraday's and Ampere's laws into di erential forms in our
initial study of optics and light, and so we will need to be able to work with [—add [27h Cartesian, polar, and
cylindrical coordinates.
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1 Vector calculus. The gradient

The gradient is a vector of derivatives de ned by

@f. @f. @Of
X y;z2)= =i+ —j+ —k
¥i2) @x @)’ z
that has a particularly important signi cance. Itis the ins tance of a directional derivative, that points in the direction
of the most rapid increase of the functionf . This explains quite a bit about the relation between eld and potential,

The electric eld at point P points in the direction of the most rapid decrease in voltage

This is quite easy to prove. We will do so in two dimensions.

Proof; . Let P = (x;y) and examine the voltage di erence betweenP and any point on a circle of radius A
surrounding P;

. @V . @V 5
V =V(Xy)—V(x+acos;y + asin ) =—acos — —asin — + O(a
(6y) = V( y ) ax Gy 0@
Now extremize this with respect to direction ;
@V . @V @V 2
0= —— =asin — —acos — + O(a
@ @x @y (=)
or @V @V
O0=(cos ;sin ) (——; ——
( ) ( @y @)2
Solving this for the unit vector (cos ; sin ) results in our expected conclusion
(cos;sin )= V=Ee—— '1(@\/- oV

(%_\)/()2_,_(%_\)//)2 @X’@)): E]

and so the function decreases most rapidly in the direction bthe gradient vector for V.

Problems
1 Perform an identical proof for three dimensions of the gradént property. Hint: use
V = V(x+ asin cos;y + asin sin;z + acos ) —V(X;y;z)

and extremize with respect to and

1.1 Other Coordinate Systems

In mechanics one often needs to express a vector in terms of iivectors in new curvilinear coordinate systems such
as spherical, polar, parabolic or elliptic. The need also dses in electromagnetism. How is this done in general?

In a curvilinear coordinate system with coordinatesus;u, and ug, there are surfacesu; = ¢;, Uz = ¢, ug = c3 of
constant coordinate, and these surfaces should be prthqgahto one another if these coordinates are to be useful.
Example In spherical coordinatesr = cis a sphere x2 + y2+ z2 = c centered on the origin of radiusc, and = c°
is a plane containing the z-axis. This cuts through the spherer = c perpendicularly to its surface, since radii lie in
the plane. The surface = c®is a cone whose axis is the-axis, whose apex or point is at the origin, This cone also
cuts the surfacer = c perpendicularly.

Consider the motion of an object with position

r=xi+yj+ zk= x(ug;uz;uz)i + y(ug;uz;uz)j + z(ug; uz; uz)k



which can be thought of as being parameterized by the three ng coordinatesu;; u, and us. Then the component
of the \velocity" in the u; direction is the tangent vector

@ _ @x, @y @z

@y @u @uj @)

and this can be made into a unit vector by dividing by its length hy

IX 3 ay = dz ar or

e]_ — ouy 1+ aulj + ou; k —_ du; _ Oup
T|8X 4 OY i 0z o

|6u1 1 + 6u1 + 6u1 kl 6u1 hl

and do the same in turn with the other components of the \velodty"

OX & ay = a9z ar or X & ay = oz aor or

ez — ouy 1+ ouy + ouy k —_ Juy _ Ouy . e3 —_ Jous 1+ 6u3-l + ous k —_ Jus _ Ous
Tl ox : dy = 0z ~ Jor |~ ’ T ox dy = 0z ~ Jor |~

lauz 1+ aUZJ + ouy kl |6U2 | h2 |6U3 I+ 6U3J + Jus kl |aU3 | h3

These equations can be inverted to givd; j and k as linear combinations ofe;, e,, and ez, which is all we need to
write the vector in the new coordinate system.

Example In cylindrical coordinates the position vector is
r=xi+yj+zk= cos i+ sin j+zk

then

cos i+sin j — sin i+ cos j

€p= ————————— =C0S i+sSin j; ey= — — = —sin i+cos j
7 |cos i+sin j| 1. Co |— sin i+ cos j| ]
k
ezzm:k

which we now invert to get (another common notation is = e,, " = e,, and so on. We may use this notation on
occasion)
1=C0S ep—sin ey; J =sin ep+cos ey, k=e,

Expression of a vector with Cartesian components
V = Wi+ v + vk
is now trivial, for example in polar coordinates we will have
V = Vp€p + Vg€p + V28, = Vi (COS €, —Sin €p)+ Vy (Sin €, +COS €y)+ Ve,

=(vx COsS + Vvysin )ep+(Vy COS —Vy SN )eq+ Vi€,
giving us
Vp = (Vx COS + Vy sin ); Vo = (Vy COS —Vy sin ); Vz = Vg
This is only mildly tedious, but the more advanced methods ofCartan Calculus and Vierbein can actually reduce
all of these operations to one step.

The new unit vectors are not constant in direction from point to point like the Cartesian unit vectors, and this must
be taken into account in dynamics and kinematics. For exampe in polar coordinates, as the radius , angle of a
particle changes, the unit vectors change absolute orientéon

d d L L .
aep: a(cos i+sin j)= (—sin 1+cos j)= —eg

and
—€p = —(—sin i +cos _)—' _(—COS i —sin _)— — —€p,
dt dt ] ] e

3



and so for such a patrticle, the velocity vector will be

s i+sin j)+ sin (—sin i+cos j)+ ze;)= %( ep + z€y)

d
e,t+t —e,+ze,= _e
P gror T L8z = 8

Q_|Q_
1
Sl
~—~
—

+ _eptze,

d? .
Wr:(-— Aep+( *+2_)ep+ e,
is the correct form of the acceleration

You will need to be able to deal with Cartesian, polar and spheeical coordinates in typical physics applications
using vector calculus, as well as integral calculus of areaand volumes. For example we know that in Cartesian
coordinates

IZI—@i + @, +
@x @§/
but what does this look like in sphereical coordinates?

@
@f




These are really all that we need. There are certainly far moe powerful methods to get the vector derivatives in
new coordinate systems than what we will use here, but our apgach will not introduce any new math, it will rely
on what we already know.

First of all the radial unit vector is (dispensing with the li ttle hats over the unit vectors for now)

rr=xi+yj+zk; r= 7xi+yrj+zk
If we solve forx, y, and z in terms of r, and in the equations above we nd that
X=rcos sin;y =rsin sin; z =r cos
and therefore
r=cos sin i+sin sin j+cos k
Di erentiate this with respect to

@

—r = —sin sin i+cos sin j
@ J
which is perpendicular to r;
Lo O 0
—r -r=
@

and so must be a linear combination ofg and 6. Since the length of this new vector is sin, you can see that
@ _ . . :
@r =sin ¢@; sothat @= —sin i+cos |

Similarly
@@r:sin cos i+cos cos j—sin k= -0

and so we now have some useful expressions for translatingoters from Cartesian to spherical coordinates. Keep in
mind that
r-g=r-06=0-¢=0; r-r=0:-0=090-90=1
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What about derivatives?
We can compute all of the derivatives in a pretty straightforward but tedious manner;

@ - =z 1 _ _Cos cos
@X  x2+ y2z2+ x2+y2 r
@ _ o=y 1 _ _cos sin
@y  x2+yRZ2t X2+ y? r
@ _ |_11 1 _ sin
@z xT+y?l+ Ao r
@r_ x_ cos  sin ; @r_y =sin sin ;; @r_ z =cos
@x r @y r @z r

and .
y _sin @ _ X _cos @ @ _

@
@x x2+y? rsin ' @y x2+y2 rsin ' @z
We can now assemble all of this data and construct out spheri coordinates-gradient;

@_@e @@ @@
@x @@ @@ @@

@ cos cos @ sin @

=C0Ss siIn @r_ f@ m@
similarly
@ _ . . @ cos sin @ cos @
@y sin  sin ar - @+ s @
@ @ sin @
@z cos @r+ S
and so @. @ @
=1—i+ =
@x @ @z
becomes after substitution of the derivatives above and a rgrouping of terms;
_ L . _@_(sin cos i+cos cos j—sin k)_@ (—sin i+cos j)_@
=(cos sin i+sin sin j+cos k)@r ; @ + oin @
@, 80, o @
@r r@ rsin @
=r @ 8@ ¢ @

@r r@ rsin @

We can now construct the Laplacian , which we will soon discover plays a central role in all that bllows

Je, 6@, ¢ @U@ 6@ ¢ @U
@r r@ r sin @ @r r@ rsin @

We need to be very carefull in expanding this out, remember tlat all of the unit vectors depend on and , and so
the derivatives will have an e ect on them. For example

3 CI=1r—

@@6: —(cos sin i+sin  sin j+cos k)= —r
@
=ono=0
@(p



@ @ @
i —@p= —r=0
@ @rq) @r
and
@e_ . _ . C_
@ =sin cos i—sin cos j= —cos @

If you are simply careful and persistant, you can show that

sin

1@.00 1 ey en 1 @
2@@ r2sin @ @ r2sin> 2@?2

Problems

2 For cylindrical polar coordinates

p=cos i+sin j; @=—sin i+cos j; k=Kk
and —1 y
= x2+y?2 =tan 'Z;z=2
X
Prove that
@ ¢ @ @
=p—+ ——+ k—
@ @ " ‘ez
and
E }_@) _@+ i@ + @
@ @ °2@*2 @2
3 For parabolic coordinates
X = UVCOS; = in; - Lo
= ; y = uvsin; 2—2(u V)
Invert these to getu = u(x;y;z), v=v(x;y;z), = (Xy;z)and nd the gradient in this coordinate system.
4 For spherical coordinates
X =T CcOS Ssin ; y =rsin sin; Z =1 CoS

show that
er=Cc0s sin i+sin sin j+cos k

€g =COS COS i+sin sincosj —sin k
€p= —sSin 1+cos ]

and invert these to get
i =Ccos sin er+C0OS COS eg—sin ey

Jj =sin sin er+sin cos eg+cCoS e
k=cos er—sin eg
5 For spherical coordinates show that

d . d d .
aer = _egtsin —ey; aee = —_er+C0S —ey; aeq, = —sin _e, —COS _ep
6 For spherical coordinates show that the velocity vector is

d
it rer+r_eg+rsin _eg



1.2 Calculus in curvilinear coordinate systems

The methods for computing [Camd [27ih the last section are purely brute force and are quite tediais to actually
perform. There is a much more analytical procedure for congtcting volume and area measures, and the vector
derivatives in curvilinear coordinate systems in which the fundamental unit vectors are unit tangents to families
of curves. Consider for example a parameterization of poirg in three dimensional space

r=r(s )=(xGs o xyGos )zt )
Then the curves
ry=r( (t);; )

connect dierent = constant, = constant surfaces. We know that the tangent vector to a parameterizedcurve
such as this is thet derivative

Ta®= ar( ;7 )

The direction of this vector is that of increasing value, and so we use it to de ne a unit vectora

Tal(t) = %r( (t); ; )= hg_a

and can do the same using parameterized curves in the and directions as well

d d
Tp(t)= ar(i (t); )=hg-B; Ty)= ar(i ;o (W)= hy_y

If all three of these new unit vectors are mutually orthogond, we can use them as an orthonormal basis for vectors
in three dimensions, and use , and as coordinates. So we will now work only with such curves, regjring

a-p=ay=y p=0
Example Spherical coordinates

X=rcos sin;y =rsin sin; z =rcos

and so q q q
in:sin sin: cos )9 = p, O
ar(r(t), ;) =(cos sin; sin sin ; cos )dt hrdtr

taking the norm of both sides, we see that
hr=1; r=(cos sin; sin sin; cos)

Similarly

d _ ] .od
ar(r, (t); )=(rcos cos;r sin cos; —rsin )a— hg -6

Again take norms of both sides, remembering thatf is a unit vector;
hg =1, 6 =(cos cos;sin cos; —sin )

and nally

d . . oo d
ar(r,, (1)) =(—rsin sin ;r cos sm,O)a—h(p -

and we obtain
he=rsin; @=(—sin; cos; 0)

Already one can see that this procedure is much less error-pne than our previous methods.



The gradient is particularly easy to compute using these costructions. Begin with

03 =i+ =—j+ =k
@ @)J @z
and 1d 1 dx dy d
- -4, 2 &x.dy.cdz
= fed T held 'd d
and propose that
[f2 Aa+ BB+ Cy
and then
- = &, 0f, Of Dtl(d_x dy_]+—k)
@x @)’ @z d

1@f@x @f@y @f@ﬂ 1 @f

" hqe @@ @@ @@ ha@
by the chain rule, and similarly for B and C. We obtain

1 of 1 of 1 @f
e me’ hae

Example Spherical coordinates

@f 1 @f 1 ©of

- —r+ -——-—0+ — —

@rr r @ rsin @ ¢

The di erential volume element used for computing volume integrals can be gotten by considering the volume of
di erential cells and using the triple product. We nd that

3

dv_(d_r d_r) —ddd = hghghy(axpB) - yddd =hghghyddd

because of the orthonormality of our unit vectors.
Example Spherical coordinates
dV = dxdydz = (1)(r)(rsin )drdd =r?sin drd d

Our nal requirement is for an expression for the divergenceof a vector eld V
V = i+ Wj+ k= Vgo+ VB + Wy

since tjhis together with the formula for the gradient will a llow us to determine the Laplacian in curvilinear coordi-
nates. The divergence is most simply gotten from a limiting @se of the Divergence Theorem;

EIIﬂdv - \Y/ dA
‘n
CM=1Ilm ¥X— — = |jm S=ov_
VI 0 \Y VI 0 \Y

Consider the cell illustrated in the previous gure,and compute

V-ndA:Vaa-(j—rXS—r)dd

over the back surface;
V -ndA = Vghghyd d a-(Bxy)= —Vghghyd d



if increases in the direction out of the page. Now compute the sae quantity over the front of the cell closest to
you;
.@r(+d,, )xdr(+d,, )d

d d d

V - ndA=(Vg( +d;; )a

Expand in Taylor series;

L] ]
=(Va+ Da o ya (P Z((haB)d + ) < (yy+ S(yy)d + o) d d

Now we expand this and only keep terms up to rst order ind ;

L]
= (Va+ Bhd ) RghyBxy + d (L(eP) xhyy + hgBx Z(hyy)+ )

and we can combine the last few terms using the chain rule

L]
=(Vot %d + o) hghyB <y + d @@(hshyBxV)Jf ) o

Since our unit vectors are orthonormal,3 x y = —a as drawn, but a%a will be perpendicular to a, and so the dot
product will annihilate any terms involving the derivative of 3 <y, so we obtain

@V L] @
=(Vat grd +-) MghyBxy + d Z=(hgh))Bxy+ ) o
- O

Adding together the surface integral contributions from the front and back surfaces of the cell we obtain a contribution
to the surface integral of

@

@(VahBhv)
and a similar calculation for bottom and top, left and right sides results in

1
@ @ @
sV -ndA = @(Vahﬁhv)*‘ @(Vthxhv)*‘ @(VvhBha)

and dividing by the volume hghghy of the cell we get

1 Co @ @ -
— (Vahghy) + @(vphahyw @(vyhﬁha)

DivV = =M =
hahghy @

Combining our results for gradient and divergence we discaer that

@fh

1 C@, @fhghy @
@

-1 9 @, @fhghg,
" hohghy @ '@ hq

@'@ h,

@ cxhy
* 5 le "

These expressions are particularly easy to use since only ghthree h; functions need to be determined in order to
work with vector derivatives in curvilinear coordinates.
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1.3 Surface Integrals

can be computed for the surfaces = constant very simply by noting that such surfaces have normal n = a and so

dA:(S—rxg—r)-ad d = hghyd d

Example The area of a torus.
The torus is the locus of points

r=((a+rcos )cos; (a+ r cos )sin ;r sin )
with both  and running from zeroto 2 . Then

|dd—r><g—r|: r(a+ rcos )

and our torus has area =, O,

A= d d (rcos +ra)=4 °ra
0 0

in complete agreement with Pappus's theorem pertaining to he areas of surfaces of revolution!

Problems
7 Demonstrate that the arc length in curvilinear coordinates is

ds® = h3(d )+ h§(d )*+ hi(d )?

8 Bipolar Coordinates  are extremely useful for solving boundary conditions on norconcentric spheres.

coordinates are

(yix) = r=( csin cos _ csin sin  csinh
Y X) = T =0 Cosh —cos "cosh —cos ' cosh —cos
with0< < ,—oco< < ooand— < < . Demonstrate that
c csin
hg=hg= ——m——; = -
@~ "B~ cosh —cos ' ® cosh —cos
and ) )
@ sin @, @ sin @, 1 @
@cosh —cos @ @ cosh —cos @ sin (cosh —cos ) @?2

1.4 \Vector calculus theorems

The derivation of this di erential form of Coulomb's law use s a vector identity called

1.4.1 The Divergence Theorem

Consider the volume integral of [_H over the volumeV illustrated below and let
A=S [S)

be the closure of a volumeV that S; and S, form the bounding surfaces forV.

11
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— z=g(xy)
f> dA_ 2
2

dx
Then
CIT 11 [ COr 1
%E‘dedy dz = dxdy %E‘Zdz
v EIfID £=9 1
= Ez(xy:f(xy)) —Ez(xiy;g(x;y)) dxdy
A
but
k - ngdA; = dxdy; —k - nydA; = dxdy
and so
CT 1 - 11 11
E.(xy;f (%)) —Ez(xy;9(xy)) dxdy = k-n2E,(xy;f)dAz + K-mE-(xy;0) dAs
A S, S

but the union of these two surfaces is the entireS;

I I [

@E
——dxdydz= k-nE,dA
v @z Y s ‘

add together similar terms for the other three directions to obtain

I I
%-{. %4_ %)dxdydz = [ Hdxdydz
v @x @y @z )
[
= E -ndA
S

which is the statement of the divergence theorem.
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1.4.2 Planar Green's Theorem

Let be a function of x andy, and A be a planar are bounded by a curve. Let the curve from c to d be/ = Y1(X)
and from d to c bey = Y,(x). Then

11 4 Oy
@ 2@
- —dxdy = -— dx —d
@y Y A y=Y1 y Y
4
= = dx(( % Y2(x)) = (x5 Ya(x))
3 A
= — dx(xYa(x)+ —  dx (X Ya(x))
A B
A 4 -
= dx (% Y2(x)) + dx ( x;Ya(x)) = ( xy)dx
B A C
@—de dy = “dy
@x C
Let
= Vi 0=V,
add the two results to get Green's theorem
1 1 11 oV @y CI {7 [
(Vxdx + Vydy) = V - dr= Qy_e¥ dxdy = -ndA
c c @x @
This theorem applies in general to any area with normaln, with a bounding curve C, be it planar or not;
1 CT 1 1
V .dr = -ndA
C
and we can apply it to our magnetic eld and insert the
1 CT I 1
V .dr = ‘ndA

C

Problems

We will use some of the concepts of this section to shed lightroCauchy's theorem.
9 a. Let N(x;y) and M (x;y) be two functions that satisfy

@v_ @n
@y @x

everywhere within a simply connected region. LetC be a closed curve lying entirely within this region. Use Grea's

theorem to prove that J

(Mdx + Ndy)=0
C

b. Show that for such a curve, that (M dx + Ndy) = 0 implies that oM _ %—Q = 0 and that this means that

ay
[X(Mi+ Nj)=0.
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