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Preface

This lab book has evolved under the in
uences of many people;Steve Luzader, Fereydoon
Behroozi, and JamesMacCrickard wrote the earliest versionsof the Parksidemanuals. Over
the yearsequipment, analysisproceduresand the experimental proceduresthemselveshave
changed. New experiments have beenadded, and web-basedlab reporting and data analy-
sis have becomeour standard. I would like to thank Ragbir Chana, Jerry Zellmer, Pirooz
Mohazzabi for contributions and criticism that has made for a polishedendproduct. David
Bruning has been especially in
uen tial in the design of new labs, the re�nement of exist-
ing labs, and the modernization of the experimental proceduresutilyzing the PASCO DAT
hardware and the web software.

The lab book is meant to be more than just a description of our experiments and proce-
dures. We hope that it is a solid introduction to good laboratory practices, modern data
acquisition methods, and solid scienti�c data analysis. An emphasisis now on veri�cation of
hypothesesthrough experimental testing of the hypothesesand statistical con�dence testing.

Studen t preparation

Students in the 201 lab are expected to read the lab manual beforecoming to class. They
are expectedto comeproperly equipped with calculators, graph paper, and copiesof the lab
reports and manual. They are expected to follow the usual rules of the laboratory; arriv e
on-time, arriv e prepared, no food or drink, wear prop er eye protection if it is
required, and no goo�ng o� . The instructors will expect that the lab report will be
completed and handed in by the end of the lab period.

The questions at the end of each exp erimen t are preparatory and must be
turned in at the beginning of lab . Think of them as pre-lab exercises.They are de-
signedto prepareyou for the lab and examsaswell. Your instructor may refuseadmittance
to students who do not cometo lab prepared.

Web-based lab rep ort generation

The lab instructors may opt to usea web-interface for the lab report generation and data
analysis. This consistsof a setof CGI programsrun from Netscape for performing statistical
analysisof data, and for performing data error and consistencychecks on the lab data and
computations made from it. The web-based rep ort generation has zero-tolerance
for errors or misconceptions . It will inform students of errors, suggest corrections,
assist in making corrections, and �nally print a report (and record a copy internally) when
all is perfect with the data input and analysis.

This book is free

Copiesof the lab manual, individual experiments, and lab report forms can be downloaded
free from the department website http://rustam.u wp.edu/201 .
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1 Measuremen ts and their precision

Measurements are never exact, and there are several typesof errors that are associated with
the measurement process.This experiment will examineonly oneerror related limitation on
the accuracyof a result computed from experimentally obtained data. Theseare random
errors .
Caution; the next �v e or six pages contain quite a bit of applied but basic cal-
culus . I will make no apologiesfor this. The proper analysisof laboratory data requiresan
understanding of certain conceptsfrom statistics and probabilit y theory, and this in turn
requires the use of calculus. I report all of the details here without pulling any punches
with the philosophy that it is best to learn how to do things the right way from the very
beginning.
If you wan to skip through this section, there is a summary of the �nal results near the end
of the discussion.

1.1 Data and random numbers

Scienti�c measurements are assumedto result in a random num ber distributed around
the correct or true value of the quantit y being measured,in the absenceof systematic er-
rors . The precision of a set of measurements is obtainable by applying statistical methods
to the set. The notion that the results of measurements are random numbers distributed
about the true value is basedon the supposition that each time a measurement is made, the
conditions are unique and irreproducible. For examplesmall changesin the temperature of
a metal caliper due to handling will causethe metal to expand and contract. This results
in a slightly di�eren t value for the length of an object measuredwith the caliper, each time
a measurement is made. An exampleof a systematic error is the useof a gaugewhosezero
point is o� by one unit.
Sincethe conditions of the experiment are determined by a huge number of factors beyond
the control or knowledgeof the experimenter, the rules of statistics allow such conditional
variations to be very accurately modeled by assuming that the measurement results are
distributed random num bers.

1.2 Random number distributions (PDFs)

In most experiments, it turns out that if one were to take thousandsof measurements, and
from all of these compute the probabilit y dPx (� )

d� (called the PDF or probabilit y distri-
bution function of x) that any one measurement results in a value for x between � and
� + d� , one would get a probabilit y distribution like the following;

dPx (� )
d�

=
1

p
2� �

e� ( � � �x ) 2

2� 2

This is called a Normally distributed random variable, and the most probable outcome
of a measurement is called < x > or �x. This is in fact the average measurement

�x =
Z

�
d} x (� )

d�
d�
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Sincewe have no idea how the actual physical data is distributed (we can't know d} x (� )
d� ),

we estimate the mean as

�x = < x > =
x1 + x2 + � � � + xN

N
=

P N
i=1 x i

N

Example Supposethat 100; 000 measurements of quantit y x indicate that the measured
value of x is Normally random with �x = 2:0cm and � = 1:0cm. If you were to make a
measurement of x, what is the probabilit y that your resulting value would be between1:9
and 1:91?
It would be

dP �
1

p
2� � 1:0

e
� (2 :0� 1:9) 2

2(1 :0) 2 � (0:01) = 0:039

The actual distribution is the Bell-curve which looks like the following;

This type of random number is important for a secondreason that is very deeply con-
nected with lab measurements; averages of collections of random num bers are al-
ways themselv es Normally distributed . This is called the Central Limit Theorem of
statistics. It means that we do not need to know the probabilities of actually getting a
particular measurement result, averagesof many measurements will always be Normal ran-
dom numbers,which is why any proper experiment will always involve many measurements
from which averagesare computed. Another corollary of the theorem is that averagescome
closer to the \true" value than single measurements in the absenceof systematic errors. If
quantit y x is randomly distributed with standard deviation (precision) � x , then averagesof
setsof N measurements of x are normally distributed with standard deviation

� �x =
� xp

N � 1
<< � x
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The mean is more \tigh tly distributed", and this translates into averagesbeing a more
precisemeasureof a quantit y's actual value.

1.3 Exp erimen tal error

The standard deviation � is a measureof the precision(not accuracy)of the measurement
set; the smaller � , the \tigh ter" the distribution of outcomes. This meansthat your chances
of making a measurement closeto the true value (assumedto be the mean in the absenceof
systematic errors) is higher as � getssmaller. The calculation of � is simple, as it measures
the averagedeviation of each measurement from the mean value; if we actually knew the
PDF of x we would use

� 2 =
Z

(� � �x)2 d} x (� )
d�

d�

but we in generaldo not, so we estimate the standard deviation as

� 2 =
(x1 � �x)2 + (x2 � �x)2 + � � � + (xN � �x)2

N � 1
=

P N
i=1 (x i � �x)2

N � 1

This is the quantit y that we will associate with the exp erimen tal error . We will accept
� as being a measureof experimental precision, which is what we actually mean when we
refer to experimental error. If a giv en set of data has a standard deviation of sigma,
then any randomly chosen result has a better than 89% chance of being between
�x � � and �x + � .

1.4 Error propagation

If you measure a quantit y x in the lab, and get N values f x1; x2; � � � ; xN g with mean
�x =

R
� d} x (� )

d� d� and standard deviation (squared) � 2
x =

R
(� � �x)2 d} x (� )

d� d� , and then use
this data to compute somefunction of x, say g(x), how do you report your results?
This is the topic of error propagation, what are the means and standard deviations of
functions of random numbers?
The answer comesfrom a major theoremin the mathematicsof random numbers(statistics);
the Law of the Unconscious Statistician ;

g(x) = g( �x) =
Z

g(� )
d} x (� )

d�
d�

which is not di�cult to prove.
Using this we can easily compute the standard deviation in g since it is just a mean (of
(g(� ) � �g)2 );

� 2
g =

Z
(g(� ) � �g)2 d} x (� )

d�
d�

We usethe Taylor theorem to expand g(� ) about the mean value

g(� ) = g( �x) +
� dg

d�

�

�x
(� � �x) + � � �

and so we get

� 2
g =

Z � dg
d�

� 2

�x
(� � �x)2 d} x (� )

d�
d� =

� dg
dx

� 2

�x
� 2

x
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and by taking roots

� g =
�
�
�
dg
dx

�
�
�
�x

� x

A detailed analysisusing basicstatistics indicates that the standard deviation of a quantit y
that is a function of a set of random variables is of a form that suggeststhe interpretation
that errors combine lik e perp endicular vectors . In other wordserrors in indep enden t
quantities cannot cancel,but simply combine in such a way as to result in a maximal error.
If

y = f (x1; x2; � � �)

then

� 2
y =

� @f
@x1

� 2
� 2

x1
+

� @f
@x2

� 2
� 2

x2
+ � � � +

� @f
@xN

� 2
� 2

xN

in which each function @f
@x i

is computed using the averages�x i .

1.4.1 A summary for the impatien t

If in the lab you measureseveral quantities a, b, and c each N times, obtaining the data
sets

f a1; a2; � � � ; aN g; f b1; b2; � � � ; bN g; f c1; c2; � � � ; cN g

and must compute somefunction f (a;b;c) as an experimental result, What must you do?

Step 1. Estimate the meansand standard deviations (estimate since you do not know
the true PDFs for a;b and c)

�a =
1
N

NX

i =1

ai ; �b =
1
N

NX

i =1

bi ; �c =
1
N

NX

i =1

ci

and

� a =

vu
u
t 1

N � 1

NX

i =1

(ai � �a)2; � b =

vu
u
t 1

N � 1

NX

i =1

(bi � �b)2; � c =

vu
u
t 1

N � 1

NX

i =1

(ci � �c)2

Step 2. Compute the derivatives

f a(a;b;c) =
@f (a;b;c)

@a
; f b(a;b;c) =

@f (a;b;c)
@b

; f c(a;b;c) =
@f (a;b;c)

@c

Step 3. Compute the mean f ;

�f = f (�a; �b; �c)

and its standard deviation (squared)

� 2
f =

�
f a(�a; �b; �c) � a

� 2
+

�
f b(�a; �b;�c) � b

� 2
+

�
f c(�a; �b;�c) � c

� 2

and report as the results of your experiment

�f � � f
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1.4.2 Examples

Supposethat we measurethe critical anglefor a static equilibrium on an inclined plane, and
discover that motion begins at angle � = 0:120; 0:123; 0:119; 0:121; 0:120; 0:121 radians
for six trials. The mean of theseis estimated to be

�� =
0:120+ 0:123+ 0:119+ 0:121+ 0:120+ 0:121

6
= 0:120667

and the standard deviation is estimated to be

� 2
� =

1
5

�
(0:120� 0:120667)2 + (0:123� 0:120667)2 + (0:119� 0:120667)2

+(0 :121� 0:120667)2 + (0:120� 0:120667)2 + (0:121� 0:120667)2
�
; � � = 0:00137

The coe�cien t of friction computed from this is then

�� s = tan �� = tan 0:120667= 0:12126

The error in its value is then, with

@tan �
@�

=
1

cos2 �

equal to

� � s = j
� �

cos2 ��
j =

0:00137
0:9840

= 0:0014

In our lab report we would write

� s � � � s = 0:12126� 0:0014

Example The error in the area of a circle whoseradius measurements have average �R and
standard deviation � R ; use

A = � R2;
@A
@R

= 2� R

so
� a = j2� �Rj � R

Example An experiment measuresthree quantities a, b, and c repeatedly, getting averages
�a, �b, and �c and standard deviations � a, � b, and � c for them. Thesedata are usedto obtain
an experimental value for a quantit y d supposedlygiven by the formula

d = ax by cz

in which x, y, and z are constan ts . What is the experimental value of d and its standard
deviation?
Constants are assumedto be known to at least one full digit or signi�cant �gure than data.
We will needonly the derivatives

@d
@a

= x ax� 1 by cz = x
d
a

;
@d
@b

= y ax by� 1 cz = y
d
b

and
@d
@c

= z ax by cz� 1 = z
d
c

9



which we compute using the averages

f �a; �b; �cg; and �d = �ax �by �cz

All of thesefactors go into the formula

� 2
d =

�
x

�d
�a

� 2
� 2

a +
�
y

�d
�b

� 2
� 2

b +
�
z

�d
�c

� 2
� 2

c

Remember that you can usethe binomial theorem

(1 + � )n � 1 + n � + � � �

to compute the derivatives. In fact the binomial theorem itself can be usedto quickly arrive
at a formula very closeto the correct error expressionwithout the use of calculus in the
following way.

Example Obtain an error formula for A = a2

b
Partial derivativesof multi-v ariable functions are the sameas ordinary derivatives

@A
@a

= lim
� a! 0

A(a + � a;b) � A(a;b)
� a

= lim
� a! 0

(a2 + 2a � a + (� a)2)b� 1 � a2b� 1

� a

= lim
� a! 0

(2ab� 1 + � ab� 1) = 2ab� 1 = 2
a
b

and
@A
@b

= lim
� b! 0

A(a;b+ � b) � A(a;b)
� b

= lim
� b! 0

1
� b

� a2

b+ � b
�

a2

b

�

Use synthetic division or the binomial theorem

1
b+ � b

=
1

b(1 + � b
b )

�
1
b

�
� b
b2 + � � �

to get
@A
@b

= lim
� b! 0

1
� b

�
�

a2� b
b2 + � � �

�
= �

a2

b2

1.5 Signi�can t �gures

All of your measurements madewith the sameinstrument should have the samenumber of
signi�can t �gures . For a measurednumber, the �rst nonzero digit that is read directly
from the measuring device as well as all the digits that follow it, up to and including the
estimated one, are called signi�cant digits or signi�cant �gures.
The most precisedigit (the onefurthest to the right) is usually estimated in a measurement.
For examplea particular vernier caliper is read, resulting in 0:0407m, the seven wasproba-
bly estimated by eye sincethis vernier scaleis have labeled divisions smaller than 0:001m.
The seven is labeled least reliable , and this measurement has three signi�cant �gures.
The rules for manipulating signi�cant �gures are;

1. A result obtained by addition or subtraction should be rounded to the samedecimal
place as the least precisenumber.
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2. A result obtained by multiplication or division should be rounded to the samenumber
of signi�cant �gures as the number in the product or quotient that has the fewest.

Example

0:04+ 26:704� 18:7 = 8:044;
(0:030)(152)

13:20
= 0:3454545� � �

In the �rst calculation, 0:04 , has one signi�cant digit, but its precision is high (second
decimal place). The 26:704 has the highest precision (three decimal places),and most sig-
ni�can t digits with �v e. The 18:7 is least precise,only good to one decimal place, so the
answer reported must be rounded to one decimal place ; 8:0.
In the secondexample,0:030 has two signi�cant �gures, 152 has three, and 13:20 has four.
Therefore, the result should be rounded to t wo signi�can t �gures ; 0:35.
During all of your experimental work, take care to observe theserules.

2 Plotting scienti�c data

You will usetwo tools in the lab sectionof Physics201to analyzeexperimental data; statis-
tics and curve-�tting. In this section we will addressthesetwo topics, �rst curve �tting.

2.1 Linear regression

Several of the experiments test a hypothesis that some quantit y y is related to another
quantit y x according to a linear relation y = ax + b. The experiment is usually about
testing the hypothesisby taking a set of data f (x i ; yi ) j i = 1; 2; � � � ; N g and using the data
to compute a the slope and b the intercept of the relation and comparing the results to
the theoretical values. We perform such an analysisby computing a and b for the line that
most closely conforms to the set of data taken in the lab, through the method of linear
regression .

Consider the two collectionsof points f (x i ; yi ) j i = 1; 2; � � � ; N g, which is your lab data, and
f (x i ; ax i + b) j i = 1; 2; � � � ; N g which is the \true" set of points gotten by using the actual
theoretical relation betweenx and y, which is assumed to be the straight line y = ax + b.
Consider then the sum of squaresof the distancesbetweencorresponding points in the two
sets;

� 2 =
1

N � 1

NX

i =1

(yi � (axi + b))2

The line that best conformsto the set of data is the line for which this quantit y is smallest,
in other words the line from which the points deviate the least from vertically .
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To �nd the slope a and b of the best �t line we simply minimize � 2 with respect to a and
b; set the derivatives to zero

@� 2

@a
= 0 = � 2

NX

i =1

x i (yi � (axi + b))

@� 2

@b
= 0 = � 2

NX

i =1

(yi � (axi + b))

which results in two equations in a and b
X

i

(x i yi ) � a
X

i

x2
i � b

X

i

x i = 0;
X

i

yi � a
X

i

x i � N b = 0

which we solve for the best �tting line parameters

a =
N

P
i (x i yi ) �

P
i x i

P
i yi

N
P

i x2
i � (

P
i x i )2 ; b =

P
i x2

i
P

i yi �
P

i x i
P

i (x i yi )
N

P
i x2

i � (
P

i x i )2

and obtain standard deviations as well, by using the shorthand

Sx =
X

i

x i = ~x � ~u; Sx2 =
X

i

x2
i = ~x � ~x; N = ~u � ~u; ~x = (x1; x2; � � � ; xN )

and ~u = (1; 1; � � � ; 1). The formulas for a and b de�ne them to be linear functions of the
random deviates~y = (y1; y2; � � � ; yN )

a =
NX

i =1

� N x i � Sxui

D

�
yi ; b = �

NX

i =1

� Sx x i � Sx2 ui

D

�
yi ; D = N Sx2 � (Sx )2

12



To get the standard deviations we regard a and b as random deviates, and expand each
around their means

a =
NX

i =1

� N x i � Sxui

D

�
yi ; b = �

NX

i =1

� Sx x i � Sx2 ui

D

�
yi

This leadsto

(a � a)2 =
NX

i;j =1

� N x i � Sxui

D

�� N x j � Sxuj

D

�
(yi � yi ) (yj � yj )

We assumethat each yi measurement is independent of yj 6= i , so that all non-diagonal
correlation coe�cien ts vanish,

(yi � yi ) (yj � yj ) = 0; if i 6= j; (yi � yi )2 = � 2
i

and so

� 2
a =

NX

i

� N x i � Sxui

D

� 2
� 2

i

In practice we usethe same� 2
i for each yi ;

� 2
i = � 2 =

1
N � 1

NX

i =1

(yi � (axi + b))2; 8i

resulting in

� 2
a = � 2

� N 2~x � ~x � 2N Sx~x � ~u + S2
x~u � ~u

D 2

�
=

N
D

� 2

We can do the samefor � b, starting with

b = �
NX

i =1

� Sxx i � Sx2 ui

D

�
yi

(b� b)2 =
NX

i;j =1

� Sxx i � Sx2 ui

D

�� Sxx j � Sx2 uj

D

�
(yi � yi ) (yj � yj ) =

Sx2

D
� 2

The two standard deviations are therefore

� 2
b =

� 2 P
i x2

i

N
P

i x2
i � (

P
i x i )2 ; � 2

a =
� 2N

N
P

i x2
i � (

P
i x i )2

In this formula � is the standard deviation of the yi measurements, all assumedto be the
samefor each i . This can be estimated, or you could measureyi several times for each i ,
and compute it more rigorously.
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2.1.1 A summary for the impatien t

If you have a collection of data points

f (x1; y1); (x2; y2); � � � ; (xN ; yN )g

that presumably fall on a straight line y = ax + b, the slope a and intercept b of the line
that best �ts this data are gotten as follows;

Step 1. Compute

Sx =
NX

i =1

x i ; Sx2 =
NX

i =1

x2
i ; Sy =

NX

i =1

yi ; Sxy =
NX

i =1

x i yi

Step 2. The best �t slope and intercept are

a =
N Sxy � SxSy

N Sx2 � (Sx )2 ; b =
Sx2 Sy � SxSxy

N Sx2 � (Sx )2

respectively. To get estimatesof the error in a and b take another step;

Step 3. Compute

� 2 =
1

N � 1

NX

i =1

�
yi � (axi + b)

� 2

Then

� 2
a =

N � 2

N Sx2 � (Sx )2 ; � 2
b =

Sx2 � 2

N Sx2 � (Sx )2

2.1.2 W eb-based data analysis soft ware

The Physics201lab stations are equipped with computersthat connectto a large collection
of web-baseddata analysisand graphing programs that can be accessedfrom Netscape. In
other words there will be a collection of web-basedprograms accessedfrom your browser,
into which you simply enter your data for analysis, graphing, error propagation and so on.
In addition there is a samba-share,labeled the X : n drive on the lab computers,containing
console-basedversionsof theseprograms.

2.2 Go od graphing techniques

There are only a few simple rules for producing good graphs of scienti�c data.
1. Useas much of the graph paper as possible;don't crowd the entire graph into a corner.
You may needto usedi�eren t scaleson vertical and horizontal axesin order to accomplish
this.

2. Always label both x and y axes,including someindication of the units and scales.

3. Connect data points with a smooth curve of best �t, not a zig-zagfrom onepoint to the
next.

14



4. In an empty region of the graph place a label, such as \ y versusx" along with your
name, and the experiment number.

5. Data points should be represented as circles whoseradii re
ect the sizeof the scienti�c
error in the value of the point, or error-bars should be usedto convey this information.
The graph below illustrates all of thesefeatures.
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You should always bring graph paper to lab. If you forget, there is a CGI program on the
web interface (if the instructor usesit) that has a custom graph paper printing program.
With it you can specify the number of vertical and horizontal divisions, the division label-
ing, and the ordinate/abscissa labels as well as the graph label.

3 Measuremen t and hyp othesis testing

This section deals with advanced measuremen t ideas. It will mak e more sense
to you after calculus 222, and/or a basic course in probabilit y. I personally recom-
mend that all students seekingscienti�c (any �eld) or technical careerstake both calculus
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222 and probabilit y.

There will be two typesof data analysesperformed in theseexperiments. In one category,
you will take data and useit to indirectly measuresomederiv ed quantit y. For exampleyou
may take velocity versustime data and plot it to compute the slope, which is acceleration,
of a falling body.
In the secondcategory, two quantities may be related by a theoretical formula, and you
will test the validit y of this hypothesis by measuring the two quantities, constructing a
con�dence statistic , and deciding whether or not your data conforms to the hypothesis
within an acceptabletolerance.

The fundamental idea behind measurement theory is that due to various outside, irrepro-
ducible in
uence, the actual outcome of any individual experiment is a random number.
Theserandom numbersare distributed around a mean(average)with someprobabilit y dis-
tribution. In most applications of these ideas to measurements in just about any physical
science,you will �nd that the outcome x of a measurement is normally distributed; the
probabilit y of measuringx and getting a value between� and � + d� is

d} x (� ) =
1

p
2� � 2

e� ( � � m ) 2

2� 2 d� i ; m = �x

We have discussedthis extensively.

Supposethat one wishesto test a hypothesis; the theoretical relation betweeny and x is

y = f (x)

We may take N measurements of x and y, so our data-set is

(x1; y1); (x2; y2); � � � (xN ; yN )

With what con�dence can we claim that this data conforms to the hypothesis?

One answer to this is the Pearson or � 2 test . We construct a measure� 2
exp of the deviation

of the data from the hypothesis, and compute the probabilit y that any other exp eri-
men ter would get a larger value � 2 of this deviation in a separate measuremen t .
To compute the probabilit y, we must regard this deviation � 2 asa distributed random num-
ber, and useits distribution to �nd the probabilit y.

If � 2 is random, what distribution should be used? The correct distribution for � 2 is built
from the distributions for each yi . A simple and reasonableassumption is that each yi

measurement will result in a normally distributed random number, whose mean is the
theoretical value m i = f (x i ) and whosestandard deviation is the root of the theoretical
value

d} yi (� i ) =
1

p
2� f (x i )

e� ( � i � f ( x i )) 2

2f ( x i ) d� i

3.1 Example

Supposethat we measurey1 and y2, which are hypothetically the valuesof y = f (x i ); i =
1; 2. The theoretical predictions for these outcomesare a = f (x 1) and b = f (x2). With
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what con�dence can we say that our measuredvaluesy1 and y2 con�rm the hypothesis?
We �rst compute

� 2
exp =

(y1 � a)2

a
+

(y2 � b)2

b
The measurements of yi were independent, what is the join t probabilit y distribution for
the pair? It is the product according to the laws of probabilit y

d} y1 ;y2 (� 1; � 2) =
1

p
2� a

1
p

2� b
e� ( � 1 � a ) 2

2a e� ( � 2 � b) 2

2b d� 1 d� 2

If we make the variable change y1 � ap
a = X , y2 � bp

b
= Y, this simpli�es to

d} X ;Y (� 1; � 2) =
1

2�
e� (X 2+ Y 2 )=2 dX dY

Convert to polar coordinates X = r cos� , Y = r sin � ;

d} r ;� (� 1; � 2) =
1

2�
e� r 2=2 r dr d�

and in polar coordinates, � is a particular value of the r -variable, and so the probabilit y
that someonewill measurethe r -variable and get a bigger value that � is

} (r � � ) =
1

2�

Z 2�

0
d�

Z 1

� exp

e� r 2=2 r dr =
Z 1

� exp

e� r 2=2 r dr

We will not evaluate this integral, not becauseit is di�cult, but becausewe have already
illustrated our point.
If instead we had three measurements y1; y2; y3 with theoretical valuesa;b;c then

� 2
exp =

(y1 � a)2

a
+

(y2 � b)2

b
+

(y3 � c)2

c

and the samereasoningwould give

} (r � � ) =

p
2

p
�

Z 1

� exp

e� r 2=2 r 2 dr

These integrals are called the chi-squared distributions for N variables. We almost
never compute them, there are tables of the functions and we will usesoftware programs to
compute valuesnot in the tables.

So how do we usethis?

3.2 Example

Supposein our �rst example we got � 2
exp = (y1 � a)2

a + (y2 � b)2

b = 0:1, with what con�dence
can we claim that our data (y1; y2) supports the claim that y = f (x), with a = f (x1) and
b = f (x2)?
In this casethe integral can be done to give

} (r �
p

0:1) = } (r 2 � 0:1) =
Z 1

p
0:1

e� r 2=2 r dr = e� 0:05 = 0:95123
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which meansthat over 95% of experimenters will get worse agreement than ours with the
theoretical values, and so we can be 95% certain that our measurements con�rm the hy-
pothesis.

3.3 Example

Supposethat you work for Abbott labs, and you are testing a hypothesis that the density
of sporesin a culture grows at rate

� (t) = 13:0
centers

cm2 e
t

2:5hour s

You usea microscope to count spore centers on a grid, taking data 1:0; 2:0; 3:0 hours after
initial inoculation, and you count 22; 33; 46 spore centers per cm2 respectively. You are
told that the hypothesiswill be discardedif your data is not a 70% veri�cation. Is it?

The hypothesissays you should have seen19:394; 28:932; 43:162spore centers per cm2, and
you compute � 2

� 2 =
(22 � 19:394)2

19:394
+

(33 � 28:932)2

28:932
+

(46 � 43:162)2

43:162
= 1:108760

You consult a chi-squared table for N = 3 data points (degreesof freedom), and determine

} (r 2 � 1:108760)= 0:774960

and so your data con�rms validit y of the hypothesisto an extent that exceedsthe require-
ment. The hypothesis is accepted.

An important rule for testing hypotheses;if you don't take enoughdata, what you do take
needsto producea very small � 2 in order to be a con�rmation of hypothesis. A bigger data
set will give more decisive con�rmation (or decisively disprove the hypothesis) even if one
or two data points are individually far from the theoretical curve.
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The exp erimen ts
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21 App endix

21.1 Mathematical form ulas

sin(a + b) = sina cosb+ cosasinb; cos(a + b) = cosa cosb� sinasinb; tan(a + b) = tan a+tan b
1� tan a tan b

sin(a � b) = sina cosb� cosasinb; cos(a � b) = cosa cosb+ sinasinb; tan(a � b) = tan a� tan b
1+tan a tan b

sin� = opp
hyp ; cos� = adj

hyp ; tan � = opp
adj

d
dx sinx = cosx; d

dx cosx = � sinx; d
dx tan x = 1

cos2 x

R
sinx dx = � cosx + c;

R
cosx dx = sinx + c;

R
tan x dx = � ln(cosx) + c

d
dx ln x = 1

x

Ry
1

dx
x = ln y d

dx eax = aeax

R
eax dx = eax

a + c d
dx xn = n xn� 1 R

xn dx = xn +1

n+1 + c

21.2 Ph ysical form ulas

� = m
V ol ;

~F = m~a; ~v = d~x
dt

v2 � v2
0 = 2ad; x(t) = x0 + v0 t + 1

2a t2; v(t) = v0 + a t

�v = x(t)� x(t0 )
t � t0

; �a = v(t)� v(t0 )
t � t0

; s =
Rt

t0
jv(t)j dt

! 2 � ! 2
0 = 2� � ; � (t) = � 0 + ! t + 1

1 �t 2; ! (t) = ! 0 + �t

Q = m Cp � T; Q = m L f ;v ; W = m gh

W = �
Rx

x0
Fx dx; T = 1

f ; ~p = m~v

x(t) = A sin
� q

k
m t + �

�
; x(t) = v0 cos� 0 t; y = h + v0 sin � 0t � 1

2gt2

vx = v0 cos� 0; vy = v0 sin � 0 � gt; jFf j = � jN j

~� = ~r � ~F ; j� j = I �; I =
P

i mi r 2
i

I disk = 1
2m R2; I stick = 1

12m `2; I spher e = 2
5m R2

jFcent j = mv 2

R = m! 2R; T = 1
2�

q
`
g ; T = 1

2�

q
m
k
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21.3 Volumes and areas

Planar areas

Circle � r 2 Rectangle height � width = hw

Triangle 1
2 base� height = 1

2bh Parallelogram base� height = bh

Surface areas

Sphere 4� r 2 Cube 6`2

Cylinder 2� r h + 2� r 2 Brick 2bh+ 2bw+ 2wh

Volumes

Sphere 4
3 � r 2 Cube `3

Cylinder � r 2h Brick bhw

21.4 Mec hanical prop erties of materials

Material Density kg
m3 Tensilestrength M N

m2 Young's modulus M N
m2 Speci�c heat cal

goC

Steel 7860 400-1500 210,000 0.12 (Fe)

Alumin um 2700 70 73,000 0.22

Glass 2330(Si) 30-170 70, 000 0.20 (Si)

Wood 680 (Maple) 3-100 14,000 0.41

Copper 8920 140 110,000 0.092
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21.5 Coe�cien ts of friction

Interface Static � s Kinetic � k

Wood on wood 0.25-0.5 0.2

Steel on steel 0.74 0.57

Ice on ice 0.1 0.03

Metal on metal 0.15 0.06
(lubricated)
Rubber on concrete 1.0 0.8

21.6 Thermo dynamic prop erties

Material Heat capacity CV ; cal
goC Density �; kg

m3 Heat of fusion L f ; J
kg

Water 1.0 1:0 � 103 3:33 � 105

Ethanol 0.58 0:806� 103 1:04 � 105

Mercury 0.033 13:6 � 103

Ice 0.5 0:917� 103

Copper 0.0924 8:92 � 103 1:34 � 105

21.7 Conversions

1m3 = 1:0 � 106 cm2; 1:0` = 1000:0cm3

1atm = 1:013� 105 N
m2 ; 1yr = 3:16 � 107 s

1:0cal = 4:186J; 1J = 1:0 � 107erg; 1W = 1
J
s

� air = 1:2
kg
m3 ; g = 9:8

m
s2 ; 1:0N = 0:2248`b

21.8 Tables of � 2 distribution probabilities

In lab we will use programs to compute speci�c values, but tables are useful if you don't
have accessto the programs.
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} (� 2 � � 2
exp)

� 2
exp 2 3 4 5 6 7 8 9 10 11

0.050000 0.97531 0.99750 0.99969 0.99995 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000
0.100000 0.95123 0.99204 0.99879 0.99983 0.99998 1.00000 1.00000 1.00000 1.00000 1.00000
0.150000 0.92774 0.98533 0.99732 0.99956 0.99993 0.99999 1.00000 1.00000 1.00000 1.00000
0.200000 0.90484 0.97765 0.99532 0.99911 0.99985 0.99998 1.00000 1.00000 1.00000 1.00000
0.250000 0.88250 0.96917 0.99281 0.99848 0.99970 0.99995 0.99999 1.00000 1.00000 1.00000
0.300000 0.86071 0.96005 0.98981 0.99764 0.99950 0.99990 0.99998 1.00000 1.00000 1.00000
0.350000 0.83946 0.95038 0.98636 0.99659 0.99922 0.99983 0.99997 0.99999 1.00000 1.00000
0.400000 0.81873 0.94025 0.98248 0.99533 0.99885 0.99974 0.99994 0.99999 1.00000 1.00000
0.450000 0.79852 0.92974 0.97818 0.99384 0.99839 0.99961 0.99991 0.99998 1.00000 1.00000
0.500000 0.77880 0.91890 0.97350 0.99212 0.99784 0.99945 0.99987 0.99997 0.99999 1.00000
0.550000 0.75957 0.90778 0.96845 0.99018 0.99718 0.99924 0.99981 0.99995 0.99999 1.00000
0.600000 0.74082 0.89643 0.96306 0.98800 0.99640 0.99899 0.99973 0.99993 0.99998 1.00000
0.650000 0.72253 0.88490 0.95735 0.98560 0.99551 0.99869 0.99964 0.99991 0.99998 0.99999
0.700000 0.70469 0.87320 0.95133 0.98297 0.99449 0.99834 0.99953 0.99987 0.99997 0.99999
0.750000 0.68729 0.86139 0.94502 0.98011 0.99335 0.99792 0.99939 0.99983 0.99995 0.99999
0.800000 0.67032 0.84947 0.93845 0.97703 0.99207 0.99744 0.99922 0.99978 0.99994 0.99998
0.850000 0.65377 0.83747 0.93162 0.97374 0.99067 0.99690 0.99903 0.99971 0.99992 0.99998
0.900000 0.63763 0.82543 0.92456 0.97022 0.98912 0.99628 0.99880 0.99964 0.99989 0.99997
0.950000 0.62189 0.81335 0.91728 0.96650 0.98744 0.99560 0.99855 0.99954 0.99986 0.99996
1.000000 0.60653 0.80125 0.90980 0.96257 0.98561 0.99483 0.99825 0.99944 0.99983 0.99995
1.050000 0.59156 0.78916 0.90212 0.95843 0.98365 0.99398 0.99791 0.99931 0.99978 0.99994
1.100000 0.57695 0.77707 0.89427 0.95410 0.98154 0.99305 0.99753 0.99917 0.99973 0.99992
1.150000 0.56270 0.76502 0.88626 0.94958 0.97928 0.99203 0.99711 0.99901 0.99967 0.99990
1.200000 0.54881 0.75300 0.87810 0.94488 0.97688 0.99093 0.99664 0.99882 0.99961 0.99987
1.250000 0.53526 0.74104 0.86980 0.93999 0.97434 0.98973 0.99612 0.99861 0.99953 0.99985
1.300000 0.52205 0.72913 0.86138 0.93493 0.97166 0.98844 0.99555 0.99838 0.99944 0.99981
1.350000 0.50916 0.71730 0.85284 0.92970 0.96883 0.98705 0.99493 0.99811 0.99933 0.99977
1.400000 0.49659 0.70553 0.84420 0.92431 0.96586 0.98557 0.99425 0.99782 0.99921 0.99973
1.450000 0.48432 0.69386 0.83546 0.91877 0.96275 0.98399 0.99351 0.99750 0.99908 0.99968
1.500000 0.47237 0.68227 0.82664 0.91307 0.95949 0.98231 0.99271 0.99715 0.99894 0.99962
1.550000 0.46070 0.67078 0.81775 0.90723 0.95610 0.98053 0.99185 0.99676 0.99877 0.99955
1.600000 0.44933 0.65939 0.80879 0.90125 0.95258 0.97864 0.99092 0.99633 0.99859 0.99948
1.650000 0.43824 0.64811 0.79978 0.89514 0.94892 0.97666 0.98993 0.99587 0.99839 0.99940
1.700000 0.42741 0.63693 0.79072 0.88890 0.94512 0.97457 0.98887 0.99537 0.99817 0.99930
1.750000 0.41686 0.62588 0.78162 0.88254 0.94120 0.97237 0.98774 0.99483 0.99792 0.99920
1.800000 0.40657 0.61493 0.77248 0.87607 0.93714 0.97008 0.98654 0.99425 0.99766 0.99908
1.850000 0.39653 0.60412 0.76332 0.86949 0.93296 0.96767 0.98527 0.99362 0.99737 0.99896
1.900000 0.38674 0.59342 0.75415 0.86280 0.92866 0.96517 0.98393 0.99295 0.99705 0.99882
1.950000 0.37719 0.58285 0.74495 0.85602 0.92424 0.96256 0.98251 0.99223 0.99671 0.99866
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2.000000 0.36788 0.57241 0.73576 0.84915 0.91970 0.95984 0.98101 0.99147 0.99634 0.99850
2.050000 0.35880 0.56209 0.72656 0.84218 0.91504 0.95702 0.97944 0.99065 0.99594 0.99831
2.100000 0.34994 0.55191 0.71737 0.83514 0.91028 0.95410 0.97779 0.98979 0.99551 0.99811
2.150000 0.34130 0.54186 0.70819 0.82802 0.90540 0.95107 0.97606 0.98887 0.99506 0.99790
2.200000 0.33287 0.53195 0.69903 0.82084 0.90042 0.94795 0.97426 0.98790 0.99456 0.99766
2.250000 0.32465 0.52217 0.68989 0.81358 0.89533 0.94472 0.97237 0.98687 0.99404 0.99741
2.300000 0.31664 0.51252 0.68077 0.80627 0.89015 0.94139 0.97041 0.98579 0.99348 0.99713
2.350000 0.30882 0.50301 0.67168 0.79890 0.88486 0.93796 0.96836 0.98465 0.99289 0.99684
2.400000 0.30119 0.49363 0.66263 0.79147 0.87949 0.93444 0.96623 0.98345 0.99225 0.99652
2.450000 0.29376 0.48440 0.65361 0.78401 0.87402 0.93081 0.96402 0.98220 0.99158 0.99619
2.500000 0.28650 0.47529 0.64464 0.77650 0.86847 0.92710 0.96173 0.98088 0.99088 0.99582
2.550000 0.27943 0.46632 0.63571 0.76895 0.86283 0.92329 0.95936 0.97951 0.99013 0.99544
2.600000 0.27253 0.45749 0.62682 0.76137 0.85711 0.91938 0.95690 0.97807 0.98934 0.99503
2.650000 0.26580 0.44879 0.61799 0.75375 0.85132 0.91538 0.95437 0.97657 0.98850 0.99459
2.700000 0.25924 0.44023 0.60921 0.74612 0.84545 0.91130 0.95175 0.97501 0.98763 0.99413
2.750000 0.25284 0.43180 0.60049 0.73846 0.83951 0.90713 0.94905 0.97339 0.98671 0.99363
2.800000 0.24660 0.42350 0.59183 0.73079 0.83350 0.90287 0.94627 0.97170 0.98575 0.99311
2.850000 0.24051 0.41534 0.58323 0.72310 0.82742 0.89852 0.94342 0.96995 0.98474 0.99256
2.900000 0.23457 0.40730 0.57470 0.71540 0.82129 0.89410 0.94048 0.96813 0.98368 0.99198
2.950000 0.22878 0.39940 0.56623 0.70769 0.81510 0.88959 0.93746 0.96624 0.98258 0.99137
3.000000 0.22313 0.39163 0.55783 0.69999 0.80885 0.88500 0.93436 0.96429 0.98142 0.99073
3.050000 0.21762 0.38398 0.54949 0.69228 0.80255 0.88034 0.93118 0.96228 0.98022 0.99005
3.100000 0.21225 0.37646 0.54123 0.68457 0.79620 0.87560 0.92793 0.96020 0.97897 0.98934
3.150000 0.20701 0.36907 0.53304 0.67687 0.78980 0.87079 0.92459 0.95805 0.97767 0.98859
3.200000 0.20190 0.36181 0.52493 0.66918 0.78336 0.86590 0.92119 0.95583 0.97632 0.98781
3.250000 0.19691 0.35466 0.51689 0.66150 0.77688 0.86095 0.91770 0.95355 0.97491 0.98699
3.300000 0.19205 0.34764 0.50893 0.65384 0.77036 0.85593 0.91415 0.95120 0.97346 0.98614
3.350000 0.18731 0.34074 0.50105 0.64620 0.76381 0.85085 0.91051 0.94879 0.97195 0.98525
3.400000 0.18268 0.33397 0.49325 0.63857 0.75722 0.84570 0.90681 0.94631 0.97039 0.98431
3.450000 0.17817 0.32731 0.48552 0.63097 0.75061 0.84049 0.90304 0.94376 0.96877 0.98334
3.500000 0.17377 0.32076 0.47788 0.62339 0.74397 0.83523 0.89919 0.94114 0.96710 0.98234
3.550000 0.16948 0.31433 0.47032 0.61584 0.73731 0.82990 0.89527 0.93846 0.96537 0.98128
3.600000 0.16530 0.30802 0.46284 0.60831 0.73062 0.82452 0.89129 0.93572 0.96359 0.98019
3.650000 0.16122 0.30182 0.45544 0.60082 0.72392 0.81909 0.88724 0.93290 0.96176 0.97906
3.700000 0.15724 0.29573 0.44813 0.59336 0.71720 0.81361 0.88313 0.93003 0.95987 0.97789
3.750000 0.15335 0.28976 0.44090 0.58594 0.71046 0.80808 0.87895 0.92708 0.95792 0.97667
3.800000 0.14957 0.28389 0.43375 0.57856 0.70372 0.80250 0.87470 0.92408 0.95592 0.97541
3.850000 0.14588 0.27812 0.42669 0.57121 0.69697 0.79688 0.87040 0.92100 0.95386 0.97410
3.900000 0.14227 0.27247 0.41971 0.56390 0.69021 0.79122 0.86603 0.91787 0.95175 0.97275
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3.950000 0.13876 0.26691 0.41281 0.55664 0.68344 0.78552 0.86161 0.91467 0.94957 0.97136
4.000000 0.13534 0.26146 0.40601 0.54942 0.67668 0.77978 0.85712 0.91141 0.94735 0.96992
4.050000 0.13199 0.25612 0.39928 0.54224 0.66991 0.77400 0.85258 0.90809 0.94506 0.96843
4.100000 0.12873 0.25087 0.39264 0.53511 0.66315 0.76819 0.84799 0.90471 0.94272 0.96690
4.150000 0.12556 0.24572 0.38609 0.52803 0.65639 0.76235 0.84334 0.90127 0.94033 0.96532
4.200000 0.12246 0.24066 0.37961 0.52099 0.64963 0.75647 0.83864 0.89776 0.93787 0.96370
4.250000 0.11943 0.23570 0.37323 0.51401 0.64289 0.75057 0.83389 0.89420 0.93536 0.96202
4.300000 0.11648 0.23084 0.36693 0.50708 0.63615 0.74465 0.82909 0.89058 0.93280 0.96031
4.350000 0.11361 0.22607 0.36071 0.50020 0.62942 0.73870 0.82425 0.88690 0.93018 0.95854
4.400000 0.11080 0.22139 0.35457 0.49337 0.62271 0.73272 0.81935 0.88317 0.92750 0.95672
4.450000 0.10807 0.21679 0.34852 0.48660 0.61602 0.72673 0.81441 0.87938 0.92477 0.95486
4.500000 0.10540 0.21229 0.34255 0.47988 0.60934 0.72072 0.80943 0.87554 0.92199 0.95295
4.550000 0.10280 0.20787 0.33666 0.47322 0.60268 0.71469 0.80441 0.87164 0.91914 0.95099
4.600000 0.10026 0.20354 0.33085 0.46662 0.59604 0.70864 0.79935 0.86769 0.91625 0.94898
4.650000 0.09778 0.19929 0.32513 0.46007 0.58942 0.70259 0.79425 0.86369 0.91330 0.94693
4.700000 0.09537 0.19513 0.31949 0.45358 0.58282 0.69652 0.78911 0.85964 0.91030 0.94482
4.750000 0.09301 0.19105 0.31392 0.44715 0.57625 0.69044 0.78393 0.85553 0.90724 0.94267
4.800000 0.09072 0.18704 0.30844 0.44077 0.56971 0.68435 0.77872 0.85138 0.90413 0.94046
4.850000 0.08848 0.18312 0.30304 0.43446 0.56319 0.67826 0.77348 0.84718 0.90097 0.93821
4.900000 0.08629 0.17927 0.29771 0.42821 0.55670 0.67217 0.76821 0.84294 0.89776 0.93591
4.950000 0.08416 0.17550 0.29247 0.42201 0.55024 0.66606 0.76291 0.83864 0.89449 0.93356
5.000000 0.08208 0.17180 0.28730 0.41588 0.54381 0.65996 0.75758 0.83431 0.89118 0.93117
5.050000 0.08006 0.16817 0.28221 0.40981 0.53742 0.65386 0.75222 0.82993 0.88781 0.92872
5.100000 0.07808 0.16462 0.27719 0.40380 0.53105 0.64776 0.74684 0.82551 0.88440 0.92623
5.150000 0.07615 0.16114 0.27225 0.39785 0.52472 0.64166 0.74143 0.82104 0.88093 0.92368
5.200000 0.07427 0.15772 0.26738 0.39196 0.51843 0.63557 0.73600 0.81654 0.87742 0.92109
5.250000 0.07244 0.15438 0.26259 0.38614 0.51217 0.62948 0.73055 0.81199 0.87386 0.91846
5.300000 0.07065 0.15110 0.25788 0.38037 0.50595 0.62340 0.72508 0.80741 0.87026 0.91577
5.350000 0.06891 0.14789 0.25323 0.37467 0.49977 0.61733 0.71960 0.80279 0.86661 0.91304
5.400000 0.06721 0.14474 0.24866 0.36904 0.49362 0.61127 0.71409 0.79814 0.86291 0.91026
5.450000 0.06555 0.14166 0.24416 0.36346 0.48752 0.60522 0.70857 0.79345 0.85916 0.90743
5.500000 0.06393 0.13864 0.23973 0.35795 0.48146 0.59918 0.70304 0.78873 0.85538 0.90456
5.550000 0.06235 0.13568 0.23537 0.35249 0.47543 0.59316 0.69749 0.78397 0.85155 0.90164
5.600000 0.06081 0.13278 0.23108 0.34710 0.46945 0.58715 0.69194 0.77919 0.84768 0.89868
5.650000 0.05931 0.12994 0.22686 0.34178 0.46352 0.58116 0.68637 0.77437 0.84376 0.89567
5.700000 0.05784 0.12715 0.22270 0.33651 0.45762 0.57518 0.68079 0.76953 0.83981 0.89261
5.750000 0.05642 0.12443 0.21861 0.33131 0.45177 0.56922 0.67521 0.76465 0.83581 0.88951
5.800000 0.05502 0.12176 0.21459 0.32617 0.44596 0.56329 0.66962 0.75976 0.83178 0.88637
5.850000 0.05366 0.11914 0.21063 0.32109 0.44020 0.55737 0.66403 0.75483 0.82770 0.88318
5.900000 0.05234 0.11658 0.20674 0.31607 0.43448 0.55147 0.65843 0.74988 0.82359 0.87995
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5.950000 0.05105 0.11407 0.20291 0.31111 0.42881 0.54560 0.65283 0.74491 0.81945 0.87668
6.000000 0.04979 0.11161 0.19915 0.30622 0.42319 0.53975 0.64723 0.73992 0.81526 0.87336
6.050000 0.04856 0.10920 0.19545 0.30138 0.41761 0.53392 0.64163 0.73490 0.81104 0.87001
6.100000 0.04736 0.10685 0.19180 0.29661 0.41208 0.52812 0.63603 0.72987 0.80679 0.86661
6.150000 0.04619 0.10454 0.18822 0.29190 0.40660 0.52235 0.63043 0.72482 0.80251 0.86317
6.200000 0.04505 0.10228 0.18470 0.28724 0.40116 0.51660 0.62484 0.71975 0.79819 0.85969
6.250000 0.04394 0.10006 0.18124 0.28265 0.39578 0.51088 0.61925 0.71466 0.79384 0.85617
6.300000 0.04285 0.09789 0.17784 0.27811 0.39044 0.50519 0.61367 0.70956 0.78946 0.85262
6.350000 0.04179 0.09577 0.17449 0.27364 0.38515 0.49953 0.60809 0.70444 0.78505 0.84902
6.400000 0.04076 0.09369 0.17120 0.26922 0.37990 0.49389 0.60252 0.69931 0.78061 0.84539
6.450000 0.03976 0.09166 0.16797 0.26486 0.37471 0.48829 0.59696 0.69417 0.77615 0.84172
6.500000 0.03877 0.08966 0.16479 0.26056 0.36957 0.48272 0.59141 0.68902 0.77165 0.83801
6.550000 0.03782 0.08771 0.16167 0.25631 0.36447 0.47718 0.58587 0.68386 0.76713 0.83427
6.600000 0.03688 0.08580 0.15860 0.25213 0.35943 0.47168 0.58034 0.67869 0.76259 0.83049
6.650000 0.03597 0.08393 0.15558 0.24800 0.35443 0.46621 0.57482 0.67351 0.75802 0.82668
6.700000 0.03508 0.08210 0.15262 0.24392 0.34948 0.46077 0.56932 0.66832 0.75343 0.82283
6.750000 0.03422 0.08031 0.14970 0.23991 0.34459 0.45537 0.56383 0.66313 0.74882 0.81895
6.800000 0.03337 0.07855 0.14684 0.23594 0.33974 0.45000 0.55836 0.65793 0.74418 0.81504
6.850000 0.03255 0.07684 0.14403 0.23204 0.33494 0.44466 0.55290 0.65273 0.73953 0.81110
6.900000 0.03175 0.07515 0.14127 0.22818 0.33019 0.43937 0.54746 0.64753 0.73485 0.80712
6.950000 0.03096 0.07351 0.13855 0.22439 0.32550 0.43410 0.54204 0.64232 0.73016 0.80312
7.000000 0.03020 0.07190 0.13589 0.22064 0.32085 0.42888 0.53663 0.63712 0.72544 0.79908
7.050000 0.02945 0.07032 0.13327 0.21695 0.31625 0.42369 0.53125 0.63191 0.72072 0.79502
7.100000 0.02872 0.06878 0.13070 0.21331 0.31170 0.41854 0.52588 0.62671 0.71597 0.79093
7.150000 0.02802 0.06727 0.12817 0.20972 0.30720 0.41343 0.52054 0.62151 0.71121 0.78681
7.200000 0.02732 0.06579 0.12569 0.20619 0.30275 0.40836 0.51522 0.61630 0.70644 0.78266
7.250000 0.02665 0.06434 0.12325 0.20270 0.29834 0.40332 0.50992 0.61111 0.70165 0.77849
7.300000 0.02599 0.06293 0.12086 0.19927 0.29399 0.39833 0.50464 0.60592 0.69685 0.77429
7.350000 0.02535 0.06154 0.11851 0.19588 0.28969 0.39337 0.49938 0.60073 0.69204 0.77007
7.400000 0.02472 0.06018 0.11620 0.19255 0.28543 0.38845 0.49415 0.59555 0.68722 0.76583
7.450000 0.02411 0.05886 0.11393 0.18927 0.28123 0.38357 0.48895 0.59037 0.68239 0.76156
7.500000 0.02352 0.05756 0.11171 0.18603 0.27707 0.37874 0.48377 0.58521 0.67755 0.75727
7.550000 0.02294 0.05629 0.10952 0.18284 0.27296 0.37394 0.47861 0.58005 0.67270 0.75296
7.600000 0.02237 0.05504 0.10738 0.17970 0.26890 0.36918 0.47348 0.57490 0.66784 0.74862
7.650000 0.02182 0.05383 0.10527 0.17661 0.26488 0.36447 0.46838 0.56977 0.66298 0.74427
7.700000 0.02128 0.05264 0.10321 0.17356 0.26092 0.35979 0.46331 0.56464 0.65811 0.73990
7.750000 0.02075 0.05147 0.10118 0.17056 0.25700 0.35515 0.45826 0.55952 0.65324 0.73551
7.800000 0.02024 0.05033 0.09919 0.16761 0.25312 0.35056 0.45325 0.55442 0.64836 0.73110
7.850000 0.01974 0.04922 0.09723 0.16470 0.24930 0.34601 0.44826 0.54933 0.64349 0.72667
7.900000 0.01925 0.04812 0.09531 0.16183 0.24552 0.34149 0.44330 0.54425 0.63860 0.72223
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7.950000 0.01878 0.04706 0.09343 0.15901 0.24179 0.33702 0.43837 0.53919 0.63372 0.71778
8.000000 0.01832 0.04601 0.09158 0.15624 0.23810 0.33259 0.43347 0.53415 0.62884 0.71330
8.050000 0.01786 0.04499 0.08976 0.15350 0.23446 0.32821 0.42860 0.52912 0.62395 0.70882
8.100000 0.01742 0.04399 0.08798 0.15081 0.23087 0.32386 0.42376 0.52410 0.61907 0.70432
8.150000 0.01699 0.04301 0.08624 0.14816 0.22732 0.31955 0.41896 0.51910 0.61419 0.69981
8.200000 0.01657 0.04205 0.08452 0.14555 0.22381 0.31529 0.41418 0.51412 0.60931 0.69528
8.250000 0.01616 0.04112 0.08284 0.14299 0.22035 0.31107 0.40944 0.50916 0.60443 0.69075
8.300000 0.01576 0.04020 0.08119 0.14046 0.21694 0.30688 0.40473 0.50422 0.59956 0.68620
8.350000 0.01538 0.03931 0.07957 0.13797 0.21357 0.30274 0.40005 0.49930 0.59469 0.68165
8.400000 0.01500 0.03843 0.07798 0.13553 0.21024 0.29865 0.39540 0.49439 0.58983 0.67709
8.450000 0.01463 0.03757 0.07642 0.13312 0.20695 0.29459 0.39079 0.48951 0.58497 0.67252
8.500000 0.01426 0.03673 0.07489 0.13075 0.20371 0.29057 0.38621 0.48465 0.58012 0.66794
8.550000 0.01391 0.03591 0.07339 0.12842 0.20051 0.28660 0.38167 0.47980 0.57527 0.66335
8.600000 0.01357 0.03511 0.07191 0.12612 0.19735 0.28266 0.37715 0.47499 0.57044 0.65876
8.650000 0.01323 0.03433 0.07047 0.12387 0.19424 0.27877 0.37268 0.47019 0.56561 0.65416
8.700000 0.01291 0.03356 0.06905 0.12165 0.19117 0.27492 0.36823 0.46541 0.56079 0.64956
8.750000 0.01259 0.03281 0.06766 0.11946 0.18813 0.27111 0.36382 0.46066 0.55598 0.64496
8.800000 0.01228 0.03207 0.06630 0.11731 0.18514 0.26734 0.35945 0.45594 0.55118 0.64035
8.850000 0.01197 0.03135 0.06496 0.11520 0.18219 0.26361 0.35511 0.45123 0.54640 0.63574
8.900000 0.01168 0.03065 0.06365 0.11312 0.17928 0.25992 0.35080 0.44656 0.54162 0.63112
8.950000 0.01139 0.02996 0.06236 0.11108 0.17641 0.25627 0.34653 0.44190 0.53685 0.62651
9.000000 0.01111 0.02929 0.06110 0.10906 0.17358 0.25266 0.34230 0.43727 0.53210 0.62189
9.050000 0.01083 0.02863 0.05986 0.10709 0.17079 0.24909 0.33810 0.43267 0.52736 0.61728
9.100000 0.01057 0.02799 0.05865 0.10514 0.16803 0.24556 0.33393 0.42809 0.52264 0.61266
9.150000 0.01031 0.02736 0.05746 0.10323 0.16532 0.24207 0.32980 0.42354 0.51793 0.60805
9.200000 0.01005 0.02675 0.05629 0.10135 0.16264 0.23861 0.32571 0.41902 0.51323 0.60344
9.250000 0.00980 0.02615 0.05515 0.09950 0.16000 0.23520 0.32165 0.41452 0.50855 0.59883
9.300000 0.00956 0.02556 0.05402 0.09768 0.15740 0.23183 0.31762 0.41005 0.50389 0.59422
9.350000 0.00933 0.02498 0.05292 0.09589 0.15483 0.22849 0.31364 0.40561 0.49924 0.58962
9.400000 0.00910 0.02442 0.05184 0.09413 0.15230 0.22520 0.30968 0.40120 0.49461 0.58502
9.450000 0.00887 0.02387 0.05078 0.09241 0.14981 0.22194 0.30577 0.39681 0.48999 0.58043
9.500000 0.00865 0.02333 0.04975 0.09071 0.14735 0.21872 0.30189 0.39246 0.48540 0.57584
9.550000 0.00844 0.02281 0.04873 0.08904 0.14493 0.21554 0.29804 0.38813 0.48082 0.57126
9.600000 0.00823 0.02229 0.04773 0.08740 0.14254 0.21240 0.29423 0.38383 0.47626 0.56668
9.650000 0.00803 0.02179 0.04675 0.08578 0.14019 0.20929 0.29046 0.37955 0.47172 0.56212
9.700000 0.00783 0.02130 0.04580 0.08420 0.13787 0.20622 0.28672 0.37531 0.46720 0.55756
9.750000 0.00764 0.02082 0.04486 0.08264 0.13558 0.20319 0.28301 0.37110 0.46269 0.55300
9.800000 0.00745 0.02034 0.04393 0.08110 0.13333 0.20019 0.27934 0.36692 0.45821 0.54846
9.850000 0.00726 0.01989 0.04303 0.07960 0.13111 0.19723 0.27571 0.36276 0.45375 0.54393
9.900000 0.00708 0.01944 0.04215 0.07812 0.12893 0.19431 0.27211 0.35864 0.44931 0.53940
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21.9 Thermistor R to T conversion

ResistanceR; (
) Temperature T (C)
269080.0 5
255380.0 6
242460.0 7
230260.0 8
218730.0 9
207850.0 10
197560.0 11
187840.0 12
178650.0 13
169950.0 14
161730.0 15
153950.0 16
146580.0 17
139610.0 18
133000.0 19
126740.0 20
120810.0 21
115190.0 22
109850.0 23
104800.0 24
100000.0 25
95447.0 26
91126.0 27
87022.0 28
83124.0 29
79422.0 30
75903.0 31
72560.0 32
69380.0 33
66356.0 34
63480.0 35
60743.0 36
58138.0 37
55658.0 38
53297.0 39
51048.0 40
48905.0 41
46863.0 42
44917.0 43
43062.0 44
41292.0 45
39605.0 46
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Index

abscissa(y), 15
acceleration,34
air resistance,57
air table, 79
amplitude, 99
angular acceleration,85
angular velocity, 73
anti-node, 120, 122
areas,128
Atwood machine, 64
average,5

Behr column, 33
bell-curve, 6
best �t line, 34
binomial coe�cien t, 20
binomial theorem, 10

calculus identities, 127
caliper, 27
calorimeter, 111
Cartesian components, 50, 82
central limit theorem, 7
centrip etal force, 73
chi-squared, 16, 20, 65, 87
coe�cien t of friction, 57
con�dence statistic, 16
conservation law, 79
critical angle, 9, 59

density, 26, 27, 128, 129
Digital SensorWindow, 44
distribution, 5
distribution function, 16
DMM, 113

equilibrium, 99
error propagation, 26, 27
error propagation examples,9

force table, 50
formulas, 127
Fourier analysis, 116
frequency, 99
friction, 9, 110

graphing techniques, 14

gravitational acceleration,34

heat, 110
heat capacity, 129
Hooke's law, 99
hypothesistesting, 16, 87

kinematics, 42
kinetic friction, 57, 129

least reliable digit, 10
linear density, 120
linear regression,11, 34, 94
longitudinal wave, 122

magnitude, 50
mean, 5, 29
midpoint prescription, 37
moment of inertia, 85
momentum, 79
multi-meter, 110, 113
muzzle velocity, 43

non-conservative forces,57
Normal deviate, 5

O-ring, 111
ordinate (x), 15
outcome generator, 20

Pascal'striangle, 20
PascoScienceWorkshop, 42
Pearson'stest, 16
percent error, 29
percent error formulas, 29
period, 99
periodicity, 100
phase,99
photo-gate, 42, 43
pivot point, 93
projectiles, 42
Prony brake, 69
puck, 79
pulley, 64

random errors, 5
resonance,124
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restoring force, 99
resultant, 51
rolling condition, 86
round-o�, 11

signi�cant �gures, 10
simple harmonic motion, 100
smart-pulley, 65
spark frequency, 36
spark generator, 33, 79
speci�c heat, 110, 128
speedof sound, 124
standard deviation, 7
standing waves,122
static equilibrium, 92
static friction, 57, 129
stroboscope, 120
superposition, 116
systematic errors, 5

tensile strength, 128
tension, 64
thermistor, 110, 112
thermometer, 110
torque, 85, 92
tra jectory, 42
trig identities, 127

vector addition, 50
vernier, 26, 27, 73, 110
volumes,128

website, 4
wheel, 85
work, 110

Young's modulus, 128
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