1 Probability and Statistics

In statistical mechanics we will perform a replacement of the microscopic dynamics of a system
with statistical average dynamical behavior, and obtain a dstribution function from which thermo-
dynamic properties of the system can be obtained by computig statistical expectations. In order
to do this, we need three things.

1. Knowledge of the statistical methods associated with randm variables.

2. Knowledge of the physics behind the microscopic dynamics.

3. A procedure for creating a suitable statistical replacemen of the dynamics (Stosszahlansatz).

Basic Probability
Consider a sample spaceS comprised of events or objects, and subset& and F such that
E S;F S

Example
Consider three coin tosses, all independent. What is the sapie space of outcomes?

S = f(hhh); (hht); (hth); (thh): (htt); (tht): (tth ); (ttt ) g

We de ne the union of two subsetsE and F of S to be the coIIect'@n of elements ofS that are
either in E, or in F, or in both E and F, and denote the union as  F. The co{]ection of events
both in E and F we call the intersection and denote this one of two ways;E F = EF. The
collection of events inS but not in E we call the complement of E and denote it asE°.

Then we have two extremely useful and important statements
[
S=E E°
[
F=EF E°F

both of which you can prove with Venn diagrams. Notice that EF and E°F are mutually exclu-
sive sets; they have an empty intersection

\
EF E°F =;
Unions and intersections can be shown via Venn diagrams to $iafy basic properties of algebraic
binary operations, such as associativity, commutativity and distribution property;

(E[ F)[ G= E[ (F[ G)



[ [
E F=F E

(E[ F)G = ec! FG

EF = FE
E(FG)=(EF)G

Consider a sample spac& and an experiment whose outcome is always some element 8f Repeat
the experiment many times under identical conditions. Letn(e) be the number of times in the rst
n repetitions that the result e 2 S we get outcomee. We de ne the probability  of this outcome
as

which must satisfy several fundamental axioms;

1: 0 }(e 1
2: 1(S)=1
|
£ X
3: } En = }(En)
n=1 n
in which E, are mutually exclusive (non-intersecting) subsets ofS. S is the union of all of its
non-intersecting subsets.

Fundamental properties of probabilities can be derived fran the following propositions, all of which
are fairly simple to prove;

1 1=1}(S)=}(E)+ }(E)
2: [E F=) }E) }(F)
3 }E F)=}(E)+}(F) }EF)
proof;

[ [
HE  F)=1}(E E°F)=}(E)+}(E°F)
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this is certainly true since the two sets are mutually exclusve. However F = EF + E°F and so

}(F)=}(EF)+ }(E°F)

again since both of these sets are mutually exclusive. Thignplies that

FEF)=}(F) }(EF)

and we simply insert this into the rst line of the proof, ther eby proving 3.

We de ne the conditional probability that E will occur given that F has already occurred
as} (EjF). Notice that

} (EjF) 6 } (FIE)
in general.

Example . Suppose that on a multiple choice exam in which each questiohas m possible choices,
a student has a probability p of knowing (K) the answer to a problem , and a probability of % of
guessing the correct answer if he or she must guess. LE(C) be the probability that the student
gets a problem correct. Let} (K) be the probability that the student actually knows the corr ect
answer. Then it is clear that

. . 1
}(CIK)=1;}(CK9) =
since the student will mark it correct if they know the answer, and must guess if they do not.

The fundamental tools for working with conditional probabi lities are;
1.

}(EF)

}EIF) = T

which implies
}(EF) = }(EjF)}(F) = }(FJE)} (E)

and
2. Bayes' Theorem

}(E)= }(EF)+ }(EF©) = }(EjF)} (F) + } (EJF )} (F9)
= }EIR)}(F)+ }(EJF)T  }(F))

Example .
Under the conditions of the previous example, what is the prbability that a student actually knows
the answer if he or she did answer it correctly?

ko) }(CIK)} (K)
HKIO= Fey = FET®) + 1CK9a 1K)
__mp
C1+(m 1)p

We say that two events E and F are independent if

HEF) =} (E)}(F)



Example Consider an experiment in which independent trials, each wh a probability of success
equal to p, will be performed in success. Ifn trials are performed, nd the probability that there
will be at least one success among them.

Y
}(E1E2  En)= _}(Ei)

let each E; be failure;
}(E1E2 En)=(@1 p"

and so the probability of at least one success is

}=1 @ p"

Since each event is independent, we construct thgenerating function using x as a simple place-
holder

Gi(x)=(1 p)+ xp)

such that
Gl =1
and
dGa(1)
dx
Then since all trials are independent, all probabilities ae multiplicative and
|
X0 X n
Gn(x)=(1 p)+xp)" = x™} (m succesg = m pr@  p)" "x™

m=0 m

= p= }(succesy

This should look very familiar.

1.1 Distribution functions of random variables

The laws of random error propagation are obtained from statstics, and the notion that the precise
outcome of each measurement of quantityx is a random variable with somePDF or probabil-

ity distribution function , Tx( ) that is used to obtain the probability that the outcome of a
measurement will be anX value between and + d
4
d 1
fx()= }g( 1= h()d
1
In this notion, the variable whose probability distributio nis fy is the subscript of the
function, and the argument is a dummy variable or a particular value of X. The
probability that a randomly sampled x will be found to lie between 1 and » is
Z 2
}= f()d
1
Generally speaking,there is no way for us to know what this PDF looks like, and sinc e
conditions of experimentation can change drastically, it m ay even depend on time

This may appear then to make it impossible to extract any mearingful conclusions from a set of
measurements taken in the lab.



1.2 The distribution of averages

We are saved by the power of statistics. The relevance of the BF to actual measurement can be
virtually eliminated by performing the same measurement rgeatedly and computing an average
result. The PDF of an average of many random variables turns at to be virtually independent of
the PDF of the individual data, a result known as the Central Limit Theorem . This is why a
valid experimental measurement of a quantity must be the aveage of a set of measurements, the
larger the set, the better.

This property of the average is fairly easy to demonstrate, ad makes quite a bit of intuitive sense.
We need some machinery rst.

We will refer to the mean of a randomly distributed variable with PDF f( ) as what statisticians
call the expectation z,

= EX]= - fx()d

Consider N independently made measurements of the same quantitx, each outcomex; was a
randomly distributed variable with the same PDF. Statistic ians construct the gadget
Z,
x(t) = ) et fy()d

since z, q z,
o it

d _ _ . . _ .
G0 o= g Od =i fO)d = EK=

which is called agenerating function  for the moments my of the PDF

Z,
my = E[x¥] = Kfe()d
1

The moment m; = is called the mean of the Igllstrlbutlon and we will call 2 = m,. Consider
the generating function for the averagehxi = W iz1 Xj of our N variables
Z, "
m®= T ()2 fx(n)dadz  dy

W
= )= N
. N **N
i=1
This becomes particularly simple in the case ofN !'1 ; we can replace the exponential with its
Taylor series

eitN_ 1+|t_ }E
N 2N2
and so . 41 2 t 1122
x(ﬁ)z L evfy()d = . fx( )(1+IW 5NZ ) dx
ot 1 22 ot 1 2t2
1+i— =——— + 1+i—)1 =——
'N  2N? G+l sx2)
which allows us to write
t. toN 1 22 it 22
M(N)_(]_J, IW) 1 ZW) I e em



by use of theTrotter formula  limy; (1 )" = e .
Notice that the function (t) is the Fourier transform of the PDF; we can inverse transfom to
get the PDF of the mean,;

z z ()2

11 _ 1 -1 L 1 2

fri() = 5= . e n (D) dt = X et e'teﬁw:q?e o
N

which is a stunning result. It says that the distribution of the average of many arbitrary
random variables is a Normal distribution , peaked at the expectation or average computed
from f( ), with a standard deviation that becomes smaller as the numler of measurements is
increased. You would see this particular derivation of theCentral Limit theorem in any basic
statistics course.

The signi cance of this result is twofold. First and foremost, it renders the exact form of the
probability distribution of the experimental variable, a r andom variable, irrelevant. As long as we
take lots of measurements without introducing systematic erors, the average that we get will also
be a random number, but very sharply and Normally distributed about a mean. Second is the fact
that the outcome is a Normal distribution, a PDF that is easy t o work with.

The Normal distribution is the Bell-curve which looks like t he following for Normally distributed x

2
d 2
P(x)

n—a 17 uto X

The quantity is a measure of the amount by which a randomly choser di ers from the average.
If a given set of data has a standard deviation of sigma, then may randomly chosen value ofx has
a better than 89% chance of being between and + . How would we compute this?

Z 1 )2
}x( + )= py—e 77 d



If is small, we say that the measurements wergrecise, meaning all pretty much the same.
Precise does not mean accurate though.

o

Precise shooting Accurate shooting
Is the shooter su ering from a systematic error or random?
Example If we were to pick 200,000 Normal random deviates, whose mean = 2:0 and whose

standard deviation = 1:0, and create afrequency plot showing how many we get with values
between and + d , the plot would look like the following.

Frequency plot, 200000 random deviates
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You should be able to visually inspect this and conclude thatabout 90% of the numbers fall be-
tween 10 and 30. The following pair of gure show frequency plots for 200,@0 deviates that are
themselves averages of 5 and 10 of these types of random numbe
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You can see that all three plots have the same mean, but the figuency plot, which is really the
un-normalized PDF, for the averages gets narrower as the sizof the set averaged gets bigger. The
conclusion is that a reliable or precise experimental measement will be gotten by averaging over
the largest set of individual measurements that we can e ecively manage.

1.3 Properties of distributions

A distribution has a mean or average value = X, a mode, which is the value of x where the
distributions PDF is maximal, and a median Xmeq de ned as the \midpoint”

Xmed

05 = fx()d
1
The Normal distribution has all three of these points coinciding with one another.

We should illustrate the truth of the statements made above ©ncerning the meaning of and ,
rst we show that is the averagex;

21 21 ()2 Z1 )

X = fx()d = pi—e 22°d = ( )+ pi—e 22 d
1 1 2 1 2

However Z, Z,

1 ()2 1 y2
(x )pZTe 22 dx = ypZTe 22dy=0

1
since the distribution is symmetric about the mean

fxC )=+ )

and so 7
1 1 ()2
X = (X )+ 192?6 22 d =

as we have stated.



We now compute the average deviation (squared) of a randonx from the average value ;

Z 4 1 ()2 Z, 1 y2
(x )2= ( )szre 22°d = yszTez_fdy
1 1
using parametric integration methods
Z, r— Z, d r
1
la= e ®dx=  —; x2e ®dx=  —l,= = —
2 1 a 1 da? 2 al

with a= 1. This results immediately in

There is a general terminology for quantities such as
Z,
n= "fx()d
1

for the PDF f«( ), these are calledmoments of the distribution, a concept that we introduced
very early in our discussion, and ; = isthemean, » %= 2 making the second moment equal
to the standard deviation for a distribution with zero mean. Two other moments are commonly
used in statistics, the skew

- 3
1= 3

which measures the symmetry of a distribution about is mean,and the kurtosis

3

4>|4>

2:

The kurtosis measures the extent to which the distribution di ers from the Normal distribution.
Example Hopefully you recall the Maxwell-Boltzmann distribution f rom physics 205, which de-
scribes the probability that a randomly selected particle (per unit volume) will have a speedv
between and +d ;

m 3 m 2
__ 2@ mWm
2KkT
Show that the average particle kinetic energy is times the second moment of this distribution.

fu()=2 ?

Multi-variate distributions such as fy.,(; ) are equally important in the analysis of laboratory
data. We would hope that if x and y are completely di erent quantities being measured (such as
one a voltage, the other a length), that they areindependent , meaning that the measurement of
one does not in uence the measurement of the other. Statistially this means that the probability
of picking a particular x = value is not in uenced by having already chosen ay value, and having
gotten y = . This will be true if the joint PDF is a product of two separate PDFs

fx;y(; ) = Fx( )fy( )

and under these conditions thecorrelation coe cient

Cxy = (X x) (Y y) = Xy Xy

will be zero. It is absolutely not the case however that uncorelated variables (variables with
Cxy = 0) are automatically independent.



1.4 Other important distributions

There are other PDF's that come up in physics that have a compaable importance. Consider
the simplest experiment that can be conceived of; within a vaishingly small time interval dt, a
process either occurs (such as a nuclear decay), with probditly p, or does not, with probability

(1 p). The probability } (M) that within a macroscopic time t = N dt, that M such events occur,
is generated by

X X
Ere@ pM= ©=  ooph@ ot M= )
M =0 M =0

resulting in the Binomial distribution
N
Pmy=oeta pt v

Notice that we say } (M) rather than % for a discrete distribution.
We call (t)=(pt+(1 p))N the generating function  of the distribution, which is very useful
in obtaining moments. The expectation or mean of this distribution is

X X
MY =L F) M =[tS T 3 ) e
M =0 M =0 M =0

d .
=ty (D=1 = tpN(pt+(1 Y t=pN

This PDF has two important limits. First if we consider the case ofp! 0 butwith N !1 such
that pN = remains constant, we get

U N — i _\N — gt
;I)I!mONII!Iin (pt+(2 p) -,\Ill!r? a+(t l)N) e'e

and then
FMYtM = et e
M =0 M =0
results in the Poisson distribution

1
(0]

M
FM)= e

P(;M)

with parameter . The Poisson distribution for various parameters looks lile the following.
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Poisson distribution

P(a,m)

05 4

| |'

2.5

41"
3.5

4

4.5

Example The probability that an ISP gets a call from a subscriber in any given hour is 001. The
ISP has 300 subscribers. What is the probability that the ISP will get 4 calls in the next hour?
First we see that the most probable number of calls is

=(300)(0:01) = Np=3
in an hour. Then
34
b= e 3=0:168

The second important limit of the binomial theorem is used when we want to explore the region
around the maximum value = np, which is the most probable value. We will expand the natural

log of the distribution around = np by treating the discrete variable M as if it were continuous,
calling it  for consistency with our previous examples;
din 1d?In
nyO=in )+ T gy 2O gy

however the second term vanishes since = np is an extreme point of the distribution. Take the
logarithm of the probability

n}y()=Inn! In! In(n Y+ Inp+(n )In(d p)
To evaluate the derivatives we use Stirling's approximatian

din !
d

=5 + In +Inp2_)=ln
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d?in ' _ 1 d?In ! 1

d 2 ’ d 2 =np np
and so 1 1 1
n}() Iny()+3 = _ ( )P+
=np
(_mp)?
F() Y()e e w
which we can normalize via zZ,
1= 1()d
1
resulting in
1 ( np)?
}( ): p——e¢e 2w p
2np (1 p)
which we recognize as tge Bell curve (theNormal distribution ), peaked aroundx = = np with
standard deviation = np(1 p). Notice that the Maxwell-Boltzmann distribution is a norm al
distribution in velocity. 0

Notice that if p << 1, then = P np(l p) np = P— and this plays an important role in

hypothesis testing.

1.5 Experimental data

What does all of this preceding material on statistics have t do with experimental data? The
assumption is that the vast number of uncontrollable randomin uences on an experiment result in
the outcomes of measurements being random variables with see PDF. We do not know this
PDF . We can however estimate its parameters using basic statigtal methods.

Suppose that in the laboratory we measure a quantityx that due to random in uences is described
by the PDF f4( ). We have no knowledge as to what the nature of this function §.

Imagine that we take N measurements ofx, obtaining a set of datafxi;x»2; ;Xng. What can
this set of data do for us? It tells us something about the PDF hat governs the FE)robability that a
measurement ofx will give a particular value. We can estimate the mean = f,()d of the

variables PDF by computing the average

o1 .
X =M= N Xi; synonymous notations
i=1
R
and estimate the standard deviation squared 2= ( )2ty ()d with
1 X
)%: N 1 (Xi X)2

These are calledunbiased estimators for the PDF describing the variable x itself.

We have already seen that averages are very sharply distrited, and more importantly are Nor-
mally distributed. This is why we always equate an experimental value for a measu red
guantity with an average of many measurements . Averages are very well behaved (but still
random) quantities, and distribution of the average is narrow, which we equate with precision in
measurement.



This can easily be understood in a calculation that we will peform in more detail in the next section
on error propagation. For now consider the following; suppse that m independent measurements
of the type just described are performed, each resulting in avalue X1;X2; ;Xm. From thesem
experiments we compute an average

1
X ==X+ X2+ +X
m( 1 2 m)
What is the standard deviation of the average, itself regared as a random variable? In other words,

if we were part of an ensemble of measurement teams all perfiming this measurement, what would
be the standard deviation of our collection of X measurements?

L . P . .
Construct a multivariate function called F( 1; 2; ; m) = % i, i, and expand it around its
mean X .
@F
F(u 2o s m=X+ —(i X)+

i=1 I

and compute its standard deviation
X' @F@F o
(F(1; 22 5 m) X)2= - @I@J( i X)) Xj)= - W( i X)(j X5)

However the experiments were independent, and all non-diagnal correlation coe cients vanish

Cijsi=(i x)(j; x)=0

however
Ci=(i x)2= 2
and so L
=X Cua i) X
or ;

szﬁ

and so we see that our distribution of averages will be much m@ sharply peaked than the distri-
bution of individual x-determinations. This is again the Central Limit theorem in action.

It is important to note that the mean F is a function of the measured values ok and is not a

measurement of x . This is why it has a di erent standard deviation from that of x, although it
is likely that the means of the distribution of x and of F coincide. This is also our rst example
of an error propagation , since we have studied the distribution of a function of seveal random
variables, in this casem copies of the same variablex.

1.6 Summary and problems

The results of measurements are regarded as random varialdelue to irreproducibility of the exact
circumstances of a measurement. These random measuremerd$ a quantity are assumed to be
distributed with some PDF, which is almost always unknowable. If we look at how averages of
many measurements are distributed, we nd that the PDF of averages is Normal, with almost no
regard to the PDF of the quantities being measured. Measuremnt and error analysis methods take
advantage of this fact.
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I recommend the bookProbability and Statistics in Experimental Physicsby Byron P. Roe, Springer-
Verlag (1998), ISBN 0-387-97849-6 as a modern reference fitris subject.

1. A uniformly distributed random deviate x on the interval 0 x 1 has PDFfy( ) =1,
so any allowed value is equally likely to be picked. Despitets simplicity, it may be one of the most
important types of random numbers. Find the mean and standad deviation of this distribution.

2. Find the n™ moment of the distribution of uniform random deviates.
3. Compute the meanm of the Poisson distribution } (m) = am—m!e a,
4. Compute the standard deviation of the Poisson distribution } (m) = am—m!e a,

5. A telephone switchboard gets on average 60 calls per hour. Wt is the probability that during
the 30 seconds that the operator leaves for a cup of co ee, thaa call will come in?

6. An archer has a probability of scoring a bulls eye of € with each arrow shot. If she shoots a
set of six arrows, what is her most likely number of bulls eyesand what is the probability that she
will get ve?

7. Compute the mode of the Poisson distribution} (m) = am—m!e 4, In order to do this, consider m
to be a continuous variable rather than discrete. This meanghat } (m) ! } (x) with x taking on
any value betweenx =0 and x!'1 . Use Stirling's approximation.

8. Compute the skew and kurtosis of the binomial distribution, } (x) = ':‘( p@ pN X, and
justify the statement that kurtosis measures deviation from a Normal distribution. | suggest using
the generating function.

9. Some perfectly innocuous looking distributions can be veryproblematic to deal with. The
distribution of -ray energy depositions in a scintillation counter will be dstributed around the
photo-peak E according to aWigner-Breit  distribution

1

f(E)= 2 (E E )2+ (5)?

What is the mean of this distribution? Can you think of a reasonable procedure for extracting a
more meaningful mean from this distribution? Can you compuie any higher moments?

10. Show that the mode of the Normal distribution is its mean

11. Why do you think our estimators for and are called unbiased? What would a biased
estimator look like? Under what circumstances do you think this would be a more appropriate
estimator of and ?

12. A. Suppose that in a lab you measure a quantityX many times (N ), and produce an unbiased
estimate of the standard deviation of the PDF for X measurements. Will this estimate get closer
to the true standard deviation of the PDF if you increase the number of measurements made?
Explain your answer.

B. Suppose that in the lab you measure a quantityX many times (N), and produce an unbiased
estimate of the standard deviation of the PDF for the averageof the N measurements. Will this

14



estimate get closer to the true standard deviation of the PDFif you increase the number of mea-
surements made? Explain your answer.

If you want to earn some extra credit, check your answers by dect computation. You will need to

pick some PDF to work with, and generate random numbers distibuted according to it. This is

done by a method invented by the brilliant mathematician John Von Neumann (the accept-reject
method). Take the following steps.

a. Choose a domain, for example 0 x  100.

b. Pick a PDF such asf (x), and nd its largest value fmax on your domain.

c. Generate auniformly distributed random number X on this domain. The standard C

library has a built-in pseudo-random number generator with a period of 16 (1 1), which is also
the value of the macro RAND _MAX . It is used by seeding it with srand() and each call to
rand() returns an unsigned long integer between 0 andRAND _-MAX . The code fragment below
illustrates how to make this into a random oat between 0 and 100:0.

#include <stdlib.h>
srand((unsigned long)getpid());
x=100.0*((float)rand()/(float)RAND_MAX);

d. Pick a second uniformly distributed random numbery on theinterval 0 'y  fpax. Ify (%),
then accept this number as being randomly distributed accoding to f (x). If y > f (x), reject it
and pick a new pair (x;y). One look at the gure below tells you why this works; the probability
of acceptance ofx is the same as the probability that y < f (x), which is } (y) = il

fmax *

max

f(x)

max

15



Write yourself a program that generates random numbers withsome PDF of your choice, and sorts
them to create a frequency plot. Then do this for an equal numler of averages of such deviates.
Graph your frequency plots, and compare your results to the gures in section 2.2.

If you have trouble writing the programs in your choice of programming language, download the

package http://rustam.uwp.edu/306/CLT.zip and build the programs on one of the cygwin

lab computers.

13. For a two-variable PDF such as

fry(s )= Tx()fy()
show that the \diagonal" correlation coe cients are the var iances if x = =0

- 2. - 2
CX;X - x» Cy;y -y

14. Consider the multivariate distribution fy.,(; )

fyy(s )= 136; if 05 and 0:5
fay(s )= é; if 0:5< 1.0 and 05< 1:0
2
fyy(s )= 5; if 05 and 05< 1.0
2
fyy(s )= §; if 0:5< 1:0 and 0:5

Compute Cyx, Cyxy, Cyx and Cy.y. Show that this distribution can actually be factored into
fx( )fy( ) and nd these two functions.

15. Consider the multivariate distribution fy.,(; )

fxy(; )=2; |f 05 and 0:5
fxy(; )=2; if 0:5< 1.0 and 05< 1.0
fxy(; )=0; |if 05 and 05«< 1.0

fxy(; )=0; if 05< 1.0 and 0:5

Compute Cy.x, Cxy, Cy:x and Cy.,. These two variables are as correlated as you can get, they ar
exclusionary. The error analysis of such variables would béairly di cult.

16. Over the last half-century a half dozen clever methods have ben developed to construct a
random number generator that produces Normal deviates.

Suppose that you can createuniformly distributed deviates X, which have f4( ) = 1 for
0 1. What would be the distribution function of averages of 100such numbers? Find its
mean and variance. Check your hypothesis with a short compugr program.

16



