
Chapter 9

Lax Pairs; from Poisson brackets to Lie
brackets

Suppose that a system of �rst order equations of motion can bewritten in the form

d
dt

L = [ A; L ] (9.1)

where [A; L ] = A � L � L � A (the Lie bracket or commutator) and L and A are matrices whose entries are
composed of functions of our dynamical variablesf q1; � � � ; qn ; p1; � � � ; png. This is called a Lax pair , and
under certain circumstances this equation can be solved by purely algebraic/group theoretical means.
As luck would have it, there are vast numbers of important systems that admit Lax pairs [2].

Consider planar (two-dimensional) motion x = r cos� , y = r sin �

_r = p; _p = 0 ; r = ( x; y) (9.2)

Construct the matrix

X =
�

y x
x � y

�
; U(t) = U(� (t)) =

 
cos � (t )

2 sin � (t )
2

� sin � (t )
2 cos � (t )

2

!

(9.3)

The matrix X is a unitary, traceless matrix (they form a Lie group under multiplication) and the matrix
U is a two-dimensional rotation matrix, they also form a group;

U(� 1(t)) U(� 2(t)) = U(� 1(t) + � 2(t)) (9.4)

This group is abelian, meaning

U(� 1(t)) U(� 2(t)) = U(� 2(t)) U(� 1(t)) (9.5)

and is calledSO(2).
The main idea is that

X (t) = U(t) Q(t) U � 1(t); Q(t) =

 p
x2 + y2 0

0 �
p

x2 + y2

!

=
�

r 0
0 � r

�
(9.6)

called a groupconjugation equation. Now di�erentiate this

_X = _UQU� 1 + U _QU � 1 + UQ
�

� U � 1 _UU� 1
�

= UU� 1 _UQU� 1 + U _QU � 1 + UQ
�

� U � 1 _UU� 1
�

(9.7)
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= U
�

U � 1 _UQ � QU � 1 _U + _Q
�

U � 1 = ULU � 1 (9.8)

where
L = U � 1 _UQ � QU � 1 _U + _Q = _Q + [ U � 1 _U ; Q] (9.9)

However we also know that _X = P where P is a matrix made of momenta

P =
�

py px

px � py

�
= _X = ULU � 1 (9.10)

The �nal step is to incorporate the equation of motion for P;

_P = 0 = _ULU � 1 + U _LU � 1 + UL
�

� U � 1 _UU� 1
�

= U
�

U � 1 _UL � LU � 1 _U + _L
�

U � 1 (9.11)

which means that
0 = U � 1 _UL � LU � 1 _U + _L; _L = [ � U � 1 _U ; L] (9.12)

which is a Lax equation. We have established a correspondence between systems that have a Lax equation
of motion and a group conjugation equation.

The most trivial Lax equation is of the form

d
dt

L (q; p) = [ A; L (q; p)] (9.13)

in which A is a constant matrix, one not depending ont or q or p. This equation can be integrated directly.
Consider the group conjugation;

et A L(q(0); p(0)) e� t A = M (t) (9.14)

where we de�ne exponentiation of a matrix in terms of its power series

et A =
1X

n=0

tn

n!
An (9.15)

with A0 being equal to the identity matrix.
For example consider

exp
�

�
�

0 1
� 1 0

� �
=

�
1 0
0 1

�
+ �

�
0 1

� 1 0

�
+

� 2

2

�
� 1 0
0 � 1

�
+

� 3

6

�
0 � 1
1 0

�
+ � � � (9.16)

=

 
1 � � 2

2 + � � � � � � 3

6 + � � �
� � + � 3

6 + � � � 1 � � 2

2 + � � �

!

=
�

cos� sin �
� sin � cos�

�
(9.17)

Di�erentiate our conjugation equation;

dM
dt

= A et A L(q(0); p(0)) e� t A � et A L(q(0); p(0)) e� t A A = A � M � M � A = [ A; M ] (9.18)

which is our Lax pair, and so

d
dt

L (q; p) = [ A; L (q; p)] implies L(q(t); p(t)) = et A L(q(0); p(0)) e� t A (9.19)



Example. The oscillator. Always with the oscillator . For the oscillator H = 1
2

�
p2 + x2

�
we

construct

L =
�

x p
p � x

�
(9.20)

and apply the Newtonian equation of motion for any function f in Poisson-bracket formalism; _f = f H; f g

_L =
�

_x _p
_p � _x

�
=

n
H;

�
x p
p � x

� o
=

�
f H; x g f H; pg
f H; pg �f H; x g

�
=

� p
m � m! 2x

� m! 2x � p
m

�
=

�
p � x

� x � p

�

(9.21)
If we can �nd a universal matrix A (does not depend onx or p) such that

f H; L (t)g = [ A; L (t)] (9.22)

then we can convert the Hamiltonian equations of motion into a Lax pair and solve them;

L(t) = et A L(0) e� t A (9.23)

and for the oscillator (this one with m = 1, and ! = 1) this is simple

A =
�

0 1
2

� 1
2 0

�
; etM = e

i
2 t� 2 = cos

t
2

+ i� 2 sin
t
2

=
�

cos t
2 sin t

2
� sin t

2 cos t
2

�
(9.24)

and so in this case, the Lax method can be carried out to its conclusion very easily. It would be wise to
�nish the calculation for some familiar initial conditions such asp(0) = 0, x(0) = x0.

Lax pair techniques introduce us to the notion that time evolution is classically equivalent to a linear
transformation of our dynamical data, a transformation vir tually identical to the Poisson bracket trans-
formation, but it is purely matrix-algebraic.

9.1 Problems

82. Use the simple matrix identity (in which order is important )

[AB; C ] = A[B; C ] + [ A; C ]B (9.25)

to evaluate
[A; L k ]

and prove that

if _L = [ A; L ]; then
d
dt

T r (L k ) = 0

where T rL k is the trace of the matrix L k . This means that the quantities I k = T r (L k) are all conserved!
Find the conserved quantities of the oscillator by this method.

82. The techniques of this section have been eminently successful in solving many-body problems, which
are discrete versions of �eld theories. This problem is the simplest such N -body problem (that I can think
of).



Consider the following example, a periodic ring of particles interacting with one another with periodic
boundary conditions ; the N + 1 th particle in the ring is the �rst particle. We use a simple H ;

H =
NX

i =1

�
pi x i +1 � pi +1 x i

�
; pN +1 = p1; xN +1 = x1

The nature of the interaction may not be obvious from the Hamiltonian. Prove that the equations of
motion are

_x i = x i +1 � x i � 1; _pi = pi � 1 � pi +1

and write these in matrix form, for example if N = 4
0

B
B
@

_x1

_x2

_x3

_x4

1

C
C
A =

0

B
B
@

0 1 0 � 1
� 1 0 1 0
0 � 1 0 1
1 0 � 1 0

1

C
C
A

0

B
B
@

x1

x2

x3

x4

1

C
C
A ; _x = M � x

and so the vectorx obeys

_x = f H; xg = M � x; _p = f H; pg = � M � p

Integrate these equations ala' Eq.7.18 and show that

x(t) = et M x(0); p(t) = e� t M p(0)

Normal modes are motions of the system in which every particle executes periodic motion of the same
frequency 
, but with di�erent phases and amplitudes. Norma l modes form a basis for all oscillatory
motion, in the sense that arbitrary motions satisfying the equations of motion are superpositions of normal
modes.
Normal modes are trivial to �nd, since each particle is an oscillator of frequency 
;

•xn:m (t) = � 
 2xn:m =
d2

dt2

�
et M xn:m; 0

�
= M 2

�
et M xn:m; 0

�
= M 2 xn:m (t)

and so 
 = � � M where � M is an eigenvalue ofM . Find these eigenvalues. Useoctave if your linear
algebra is not up to it. Finding normal modes of a complex system is an important engineering (and
chemistry) application of dynamics.

83. Let U = U(x; t ) and V = V(x; t ) be two matrices parameterized byx and t, show that a solution to
the zero-curvature equation

@V
@x

�
@U
@t

= [ U; V] (9.26)

is

U = g� 1(x; t )
@g
@x

; V = g� 1(x; t )
@g
@t

in which g is an invertible matrix. Where does the term \zero-curvatur e" come from? In ordinary electro-
magnetic theory, the electric and magnetic �elds are components of the Faraday tensorF�� = @A�

@x�
� @A�

@x�
.

In non-abelian gauge theory, the vector potential can be a matrix, and the analogous Faraday tensor is
F�� = @A�

@x�
� @A�

@x�
� i [A � ; A � ]. The Faraday tensor is the curvature tensor of the gauge bundle, and so a

zero-curvature gauge bundle would have 0 =@A�
@x�

� @A�
@x�

� i [A � ; A � ]. Imagine a two-dimensional case with
A t = V and Ax = U.



BecauseU(x; t ) and V(x; t ) are matrices, it might be that [ U(x; t ); U(x0; t0)] 6= 0, but it is certainly true
that

[U(x; t ); U(x + dx; t )] = [ U(x; t ); U(x; t )] + [ U(x; t ); U0(x; t )] dx + � � � = [ U(x; t ); U0(x; t )] dx + � � �

and therefore �
1 + U(x; t ) dx

��
1 + U(x + dx; t ) dx

�
� eU(x;t ) dx eU(x+ dx;t ) dx (9.27)

and so we invent thepath-ordered exponential

lim
N !1

�
1 + U(x0; t) dx

��
1 + U(x0 + dx; t ) dx

�
� � �

�
1 + U(x f ; t) dx

�
= P e

Rx f
x 0 U(x;t ) dx

in which
dx =

x f � x0

N
Time-ordered exponentials are regular �xtures in quantum theory. Prove that

g(x; t ) = P e
R


 (U(x;t ) dx+ V (x;t )) dt ; 1 = P e
H

(U(x;t ) dx+ V (x;t )) dt (9.28)

(
 is a path in space beginning atx0(t0) and ending at x f (t f )) is a solution to the zero-curvature equation.
The zero-curvature equation is a generalization of the Lax-pair technique to �eld theory.

Here is the real punch-line; construct two rather special versions of this matrix using a U and V that also
depend on some parameter� ;

TL (�; t ) = P e
RL

� L U(x;t j � ) dx ; SL (�; t ) = P e
Rt

0 V (L;t j � ) dt (9.29)

and suppose thatU and V are periodic, U(� L; t ) = U(L; t ), V (� L; t ) = V (L; t ), integrate the second of
Eqs.9.28 around the rectangle with verticesf (� L; 0); (L; 0); (L; t ); (� L; t )g. This leads to the formulas

TL (�; 0) SL (�; t ) = SL (�; t ) TL (�; t ); or TL (�; t ) = S� 1
L (�; t ) TL (�; 0) SL (�; t ) (9.30)

and taking the trace one obtains a conserved quantity that depends on the spectral parameter� ,

T r TL (�; t ) = T r TL (�; 0) (9.31)

If these are involutive for various � , and if there are a su�cient number of them, the entire model i s inte-
grable in the usual sense of equal numbers of conserved quantities and dynamical variables. The expansion
of T r TL (�; t ) in powers of � will have all of the conserved quantities appearing as the coe�cients of the
expansion!





Chapter 10

Fundamental postulates of quantum
mechanics

In classical mechanics we think ofobservables as functions of the phase-space variablesx and p. The
Hamiltonian equations of motion

_x =
@H
@p

; _p = �
@H
@x

(10.1)

dictate the time-evolution of any observable

_f (x; p) =
@f
@p

_p +
@f
@x

_x = �
@f
@p

@H
@x

+
@f
@x

@H
@p

= f f; H gpb (10.2)

and the energy of a state

E =
Z

H (q; p) � 2(q � q0; p � p0) dq dp (10.3)

Classical observables form an in�nite-dimensional associative, abelian algebra, since for any two functions
of x and p we �nd that

f (x; p) g(x; p) = g(x; p) f (x; p) (10.4)

The algebraic structure of quantum mechanics is extremely di�erent. In quantum theory the system is
described by a wave-function or state vector, and the act of measurement of quantity � is associated with
the application of an operator or linear transformation to t he state vector, which may alter the vector.
There are many ways to perform the passage from classical mechanics to quantum mechanics. One of the
most conceptually attractive uses the de�nition of a quantum product of two phase-space observables
called a star-product,

f ? g = fg + i~C1(f; g ) + � � � =
1X

i =0

(i~)n Cn (f; g ) (10.5)

requiring that
C0(f; g ) = fg; C 1(f; g ) � C1(g; f ) = f f; g g (10.6)

with the requirement that it obey the classical limit

lim
~! 0

f (x; p) ? g(x; p) � g(x; p) ? f (x; p)
i~

= f f; g gpb (10.7)

The star product quantization procedure is doubly attracti ve because it allows one to derive the Schr•odinger
equation, so that it no longer occupies the elevated but obtuse position of being a postulate of quantum
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theory.

Under star product multiplication (\quantum multiplicati on") the algebra of observables may no longer
be abelian

f (x; p) ? g(x; p) 6= g(x; p) ? f (x; p) (10.8)

but the basic requirement of a correct classical limit results in the preservation of the Hamiltonian as the
instigator of time evolution;

f ? H � H ? f = i~ _f (10.9)

is the quantum equation of motion (time evolution), and in th e ~ ! 0 limit, this becomes the classical
time evolution equation.

10.1 Quantum theory is a statistical theory

The Davison-Germer experiment indicates that the outcome of position measurements are governed by a
probability distribution function � (x), such that the probability that a position measurement on a quantum
particle results in a value betweenx and x + dx is

d} (x)
dx

= � (x) (10.10)

The interference seen in the Davison-Germer experiment even when single electrons are directed through
a pair of aperatures indicates that this density is not additive, but has the form

� (x) = j slit 1(x) +  slit 2(x)j2 = j slit 1(x)j2 + j slit 2(x)j2 +
�

 slit 1(x) �
slit 2(x) +  �

slit 1(x) slit 2(x)
�

(10.11)

with the term in brackets being responsible for the self-interference seen in the experiment.

The fundamental postulates of quantum mechanics can be reduced to a pair of purely statistical statements
about the nature of the distribution function for the outcom es of position measurements, which we call the
wave-function;

1. There is a wave-function  (x; t ) from which the probability distribution of position measu rement
outcomes can be obtained

� (x; t ) = j (x; t )j2 (10.12)

such that the average outcome, and the standard deviation ofoutcomes for an ensemble of measurements
are

x =
Z

x � (x; t ) dx =
Z

x j (x; t )j2 dx; � 2
x = x2 � x2 (10.13)

This is known as the Born interpretation of the wave-function. It results in a � (x) that contains the correct
interference terms seen in the Davison-Germer experiment.

2. There is a joint distribution function for conditional outcomes, such as the probability that when
a position measurement results inx, the probability that a momentum measurement results in a value
between p and p + dp, and so forth. This is called the Wigner function F (x; p). The Wigner function
obeys the quantum time evolution equation for some star product yet to be determined

F ? H � H ? F = i~ _F (10.14)



(note that this correctly reduces to _F = f F; H gpb in the limit ~ ! 0) and

� (x; t ) = j (x; t )j2 =
Z

F (x; p) dp (10.15)

From these two postulates, together with a star-product de�nition, one can construct the remaining eight
standard postulates of Dirac-Weyl quantum theory, including the Schr•odinger equation, the Heisenberg
Uncertainty principle, and the operator-content of the theory.
3. The statistical expectation value of the classical Hamiltonian using the joint probability function should
be a constant of the motion (the energy)

Z
F (x; p)

dx dp
2� ~

= 1 ;
Z

H (x; p) ? F(x; p)
dx dp
2� ~

=
Z

H (x; p) F (x; p)
dx dp
2� ~

= E (10.16)

This last hypothesis can be re-phrased in terms of the quantum product as

(H ? F )(x; p) = E F (x; p) (10.17)

The de�nition Eq.10.16 of the Wigner function hides the fact that F depends onx and p is a special way;
F can only be a function of constants of the motion . Constants of the motion are as important in
quantum theory as they are in classical mechanics. The proofis simple and uses Liouville's theorem. We
prove that _F = 0;

_F =
dF
dt

=
@F
@t

+ f F; H g = f F; H g

becauseF = F (x; p) and has no explicit time dependence. Now use

d
dt

�
1 =

Z
F (x(t); p(t))

dx(t) dp(t)
2� ~

�
; 0 =

d
dt

Z
F (x(t); p(t))

dx(t) dp(t)
2� ~

but Liouville has something to say about the measure

0 =
d
dt

Z
F (x(t); p(t)) J

dx(0) dp(0)
2� ~

=
d
dt

Z
F (x(t); p(t))

dx(0) dp(0)
2� ~

=
Z

_F (x(t); p(t))
dx(0) dp(0)

2� ~
(10.18)

A solution to this equation is _F = 0, so f F; H g = 0. The Wigner function is not a probability distribution
function per se, becauseF 6 �0, but both

R
F dx and

R
F dp are probability distributions and are positive

semi-de�nite. Some people are disturbed by the fact thatF can be negative.
The step from classical mechanics to quantum mechanics taken by using the quantum product is referred to
as phase-space or deformation quantization. It was introduced in 1949 by Moyal, at a stage when quantum
theory was very mature.

10.2 Moyal's star product

Star products are not unique. TheMoyal star product [7] correctly and simply reproduces all of standard
quantum mechanics;

f (x; p) ? g(x; p) = e
i ~
2

�
@

@x
@

@p0
� @

@x0
@

@p

�

f (x; p) g(x0; p0)
�
�
�
x= x0;p= p0

(10.19)



This de�nition satis�es the third hypothesis; integrate bo th sides over all of phase space
Z

(H ? F )(x; p)
dx dp
2� ~

=
Z

E F (x; p)
dx dp
2� ~

= E (10.20)

but

Z
(H ? F )(x; p)

dx dp
2� ~

=
Z

H
�

x +
i~
2

� �!
@
@p

�
; p �

i~
2

� �!
@

@x

��
F (x; p)

dx dp
2� ~

=
Z

H (x; p) F (x; p)
dx dp
2� ~

(10.21)

due to the commutativity of mixed derivatives (expand the Hamiltonian and integrate by parts).

This de�nition is associative (as it should be)

(f ? g) ? h = f ? (g ? h) (10.22)

From this de�nition it is easy to see that

f (x) ? g(x) = f (x) g(x); f (p) ? g(p) = f (p) g(p) (10.23)

and so quantum multiplication will only produce results di� ering from classical multiplication when either
f or g or both depend on both position and momentum.
For example

ei�p ? f (x) = e
i ~
2

�
@

@x
@

@p0
� @

@x0
@

@p

�

ei�p f (x0)
�
�
�
x= x0;p= p0

= e
i ~
2

�
� @

@x0
@

@p

�

ei�p f (x0)
�
�
�
x= x0;p= p0

(10.24)

=
1X

n=0

(� i ~
2 )n

n!

� dn

dxn f (x)
�� dn

dpn ei�p
�

=
1X

n=0

(� i ~
2 )n

n!

� dn

dxn f (x)
��

(i� )n ei�p
�

= ei�p
1X

n=0

( � ~
2 )n

n!

� dn

dxn f (x)
�

(10.25)

= ei�p f (x +
~�
2

) (10.26)

and

f (x) ? ei�p = f (x �
~�
2

) ei�p (10.27)

Based on these calculations, a form for the Wigner function is

F (x; p) =
Z 1

�1
 � ? eip� ?  d� =

Z 1

�1
 � (x �

~�
2

) ei�p  (x +
~�
2

) d� (10.28)

since
Z 1

�1
F (x; p) dp =

Z 1

�1

Z 1

�1
 � (x �

~�
2

) eip�  (x +
~�
2

) d� dp =
Z 1

�1
 � (x �

~�
2

)� (� ) (x +
~�
2

) d� = j (x)j2

(10.29)
If we de�ne

� (p) =
Z

 (x) e� i px
~ dx (10.30)

then Z 1

�1
F (x; p) dx =

Z
d�

Z
dx

Z
� � (u) ei

u ( x � ~�
2 )

~ du ei�p
Z

� (v) e� i
v ( x + ~�

2 )
~ dv (10.31)



=
Z

d�
Z

du
Z

dv � � (u) � (v � u) ei�p � (v) e� i �
2 (u+ v) =

Z
d�

Z
du � � (u) � (u) e� i�u eip� (10.32)

=
Z

du � � (u)� (u) � (u � p) = � � (p)� (p) (10.33)

and so we think of � (p) as the \momentum-space" wave-function, that gives us the probability density
that a momentum measurement will result in an outcome between p and p + dp

Z
F (x; p) dx =

d} (p)
dp

= � � (p)� (p) (10.34)

In all of these calculations we will assume that (x) is an L 2 function, so that
Z 1

�1
j (x)j2 dx = 1 (10.35)

which requires that
lim

x!�1
j (x)j2 ! 0 (10.36)

allowing us to perform integrations by parts, surface termsbeing zero.

10.3 Derivation of the Schr•odinger equation

The Schr•odinger equation can be derived from the Wigner function and its quantum equation of motion.
This will be done by establishing a few identities. First let

s = x +
~�
2

; s0 = x �
~�
2

(10.37)

so that
@
@s

=
1
2

@
@x

+
1
~

@
@�

;
@

@s0
=

1
2

@
@x

�
1
~

@
@�

(10.38)

The �rst identity begins with

ip
Z 1

�1
 � (x �

~�
2

) ei�p  (x +
~�
2

) d� =
Z 1

�1

@
@�

�
 � (x �

~�
2

) ei�p  (x +
~�
2

)
�

d� (10.39)

+
~
2

Z 1

�1

�
 0�(x �

~�
2

) ei�p  (x +
~�
2

) �  � (x �
~�
2

) ei�p  0(x +
~�
2

)
�

d�

and

~
2

@
@x

Z 1

�1
 � (x �

~�
2

) ei�p  (x+
~�
2

) d� =
~
2

Z 1

�1

�
 0�(x �

~�
2

) ei�p  (x+
~�
2

)+  � (x �
~�
2

) ei�p  0(x+
~�
2

)
�

d�

(10.40)
which are combined to give

(ip �
~
2

@
@x

)
Z 1

�1
 � (x �

~�
2

) ei�p  (x +
~�
2

) d� =
Z 1

�1

@
@�

�
 � (x �

~�
2

) ei�p  (x +
~�
2

)
�

d�

+
Z 1

�1
 � (x �

~�
2

) ei�p ~ 0(x +
~�
2

)
�

d�



The �rst term integrates to zero for L 2 wave-functions
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and so we obtain identity #1;
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Identity #2 is

1
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and #3 is
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and so for non-relativistic classical HamiltoniansH = p2

2m + V(x)
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with s = x + ~�
2 . This de�nes the Hamiltonian operator

H = �
~2
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+ V (x) (10.44)
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and in fact can be used to associate an operator that acts on with any phase-space function.

10.4 The quantum oscillator

The harmonic oscillator will be our �rst quantum calculatio n. The quantum product/Wigner function
formalism is particularly powerful because it allows us to use all of the tools of fully-developed classical
mechanics, such as canonical transformation and constantsof the motion. The harmonic oscillator has a
single constant of the motion, the Hamiltonian H .
We solve the problem of computing the oscillator Wigner function by performing the canonical transfor-
mation into holomorphic variables

H =
1

2m
p2 +

1
2

m! 2q2 = i!QP (10.46)



and using the fact that f Q; Pgpb = 1
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then
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The Liouville theorem requires that the distribution depend only on constants of the motion, of which
there is only one, and so changing variablesF (Q; P) = F (iQP ) = F (x)

@F
@Q

= iP
dF
dx

= iPF 0;
@2F

@Q @P
= iF 0 � QP F 00= i (F 0+ xF 00) (10.49)

(let � = ~
2 )
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F 0+ xF 00
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(10.50)

The \Schr•odinger equation" for the Wigner function is

E F (Q; P) = H ? F = !
�

xF � � 2(F 0+ xF 00)
�

; H = i!PQ = !x (10.51)

which can be written as

xF 00+ F 0 � � � 2(x �
E
!

)F = 0

which is an example of a well-known di�erential equation

xu00+ u0+ a(n + 1
2 �

ax
4

)u = 0 ; u = e� ax
2 L 0

n (ax) (10.52)

(L 0
n (x) is a Laguerre polynomial of ordern) with a = 4

~ and

E = !a� 2(n + 1
2) = ~! (n + 1

2) (10.53)

This result is in perfect agreement with the Planck hypothesis, which says that the di�erence in the energy
levels of an oscillator must be integer multiples ofhf !

What does this have to say about wave-functions? The Laguerre polynomials are nice functions of math-
ematical physics, which have a generating function that allows us to extract the wave-function from

Z 1

�1
F (q; p) dp = j (q)j2; F (q; p) = e� 2

~!
p2 + m 2 ! 2q2

2m L 0
n (

4
~!
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2m
)

Lets �rst write x2 = p2

m! ~ and y2 = m2 ! 2q2

m! ~ , and integrate over p (x)
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(1+ t )
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which we recognize from Eq.A.15 as a (squared) Hermite function generating function; extracting the
coe�cients of like powers of t from each side (up to a phase and normalization)

N j (x)j2 =
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L 0
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�
Hn(x)
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10.5 Problems

84. Let ? be the Moyal quantum product. Compute x ? p, and p ? x. De�ne a \quantum bracket"
[A; B ]Q = A ? B � B ? A and show that [x; p]Q = i~.

85. Use the fact that the Moyal star product is associative to prove that the quantum bracket [ ; ]Q satis�es
the three axioms
1. Linearity ; [ A; �B + 
C ]Q = � [A; B ]Q + 
 [A; C ]Q and [�B + 
C; A ]Q = � [B; A ]Q + 
 [C; A]Q for all
�; 
 2 R; C.
2. [A; A ]Q = 0,
3. [A; [B; C ]Q ]Q + [ B; [C; A]Q ]Q + [ C; [A; B ]Q ]Q = 0.
What this means is that the quantum product makes the set of all functions of x and p into a Lie algebra,
and we will be able to exploit the full power of Lie theory, one of the most complete branches of mathe-
matics, to the study of quantum systems, and we will be able todo so algebraically.

Note that these are the same three axioms satis�ed by the Poisson brackets, which enabled us to perform
a full algebraic quadrature of the classical equations of motion.

86. Study a quantum product in two dimensions

f ? g =
�

e
i ~
2

�
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@x
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� @
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+ @
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�

f (x; y; px ; py) g(x0; y0; p0
x ; p0

y)
�

x0= x;y 0= y;:::

Prove that
x ? y = xy; x ? py = xpy ; y ? px = ypx ; px ? py = pxpy

and so
[x; y]Q = [ x; py ]Q = [ y; px ]Q = [ px ; py ]Q = 0

Let L z = x py � y px , and compute
[L z; px ]Q ; [L z; py ]Q

Take note of the fact that since L z is quadratic, there is no need to expand the exponential pastthe term
of order ~2.

87. Study a quantum product in three dimensions
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�

e
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2
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�

f (r ; p) g(r 0; p0)
�

r 0= r ;p 0= p

Compute the quantum brackets of the three angular momentum operators

L x = y pz � z py ; L y = z px � x pz; L z = x py � y px

with one another
[L x ; L y ]Q ; [L y ; L z]Q ; [L z; L x ]Q

88. From the previous set of problems, you should come to the conclusion that the canonical quantiza-
tion principle is valid;
The Lie algebra of quantum operators is gotten from the Poisson brackets of the corresponding classical
variables by with [ ; ]Q = i~f ; gpb.



89. The integral Z 1

�1
eip (x � x0) dp = 2 �� (x � x0)

will become very important in the weeks to come. The delta-function (not a function at all, but a limit of
a sequence of distributions) has two wonderful properties

� (x � x0) = 0 ; if x 6= x0

Z 1

�1
f (x) � (x � x0) dx = f (x0)

Prove that the \function" that possesses these properties is

� (x � x0) = lim
� ! 0

1
�

�
(x � x0)2 + � 2 (10.55)

by performing the integral

lim
� ! 0

1
�
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f (x)

�
(x � x0)2 + � 2 dx

(using Cauchy's theorem) assuming that limjx j!1 f (x) exists and is �nite. Prove that
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by re-writing the integral as
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and explicitly doing the integrals.

90. The Wigner function de�nes the modulus of the wave-function in position spacex by
Z 1

�1
F (x; p) dp = j (x)j2

If we de�ne the wave-function in momentum space by

� (p) =
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 (x) e� i px

~ dx;  (x) =
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� (p) ei px

~
dp

2� ~

show that Z 1

�1
p ? F(x; p)

dp dx
2� ~

=
Z 1

�1
pj� (p)j2 dp

which we interpret as the expectation valuehpi of a momentum measurement made on a system whose
wave-function is � (p) in momentum space. (this requires limx!�1 j (x)j2 = 0).
Now prove that Z 1

�1
pj� (p)j2 dp =

Z 1

�1
 � (x)

� ~
i

d
dx

 (x)
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dx

which we interpret as saying that the expectation value of momentum measurements can be gotten from
the position-space wave-function by

hpi =
Z 1

�1
 � (x)

� ~
i

d
dx

 (x)
�

dx (10.56)



This is another core postulate of wave mechanics , but you have derived it from the quantum-product
formulation of quantum mechanics. The expectation value ofa quantum measurement behaves very much
like the corresponding classical quantity.

91. Prove that if lim x!�1 F (x; p) = lim p!�1 F (x; p) = 0, then
Z

f (x; p) F (x; p)
dx dp
2� ~

=
Z

f (x; p) ? F(x; p)
dx dp
2� ~

92. Suppose that � (x; p) is a phase space density satisfying Liouville's theorem, and let hf (x; p)i =R
f (x; p)� (x; p) dx dp. Prove Ehrenfest's theorem

d
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� Z
x � (x; p) dx dp

�
= h
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dt

hpi = �h
@H
@x

i (10.57)

In statistical mechanics, in which we try to obtain analytic al formulas for thermodynamical properties
of systems of very many (interacting) particles in contact with an energy (heat) source, we abandon the
hope of describing the dynamics of particles individually and replace true dynamics with a measure of
average behavior, and compute the average properties of theparticles in the system. If the system is
totally isolated, we use the Gibbs microcanonical distribution

� mc = N � (H (x; p) � E ); 1 =
Z

� mc

NY

i =1

dpi dxi

2� ~

Find the constant N for N free particles con�ned to a box of volumeV in three-dimensional space, with
total energy E

H = E =
NX

i =1

1
2m

jp i j2

If the system is in thermal equilibrium with a heat source/sink at temperature T, � = 1
kB T , we use the

Gibbs canonical distribution

� c = Z � 1 e� �H (x;p) ; 1 =
Z

� c

NY

i =1

dpi dxi

2� ~

(Z is called the partition function ) Use the canonical distribution function to prove that the average
energy of a gas ofN decoupled harmonic oscillators trapped within 0� x i � L is hH i = NkB T. Hint, use
holomorphic variables to do the integrals. This is an example of the equipartition theorem .



Chapter 11

Reduction of the Schr•odinger equation
to Hamilton-Jacobi

We now motivate the passage from the old Quantum theory into wave mechanics by returning to the
Hamilton-Jacobi theory. The Hamilton-Jacobi equation of motion already can be thought of as describing
the evolution of a wave front or ray, this fact is currently hi dden in the arithmetic and by the presence of
an \extra" term that would vanish in an appropriate limit. This is not a derivation of the Schr•odinger
equation. The Schr•odinger equation cannot be derived frompurely classical foundations, it requires a
statistical theory of measurement, and there was no evidence that nature required such a theory of us in
order to explain basic phenomenology until the twentieth century, when experiments �nally revealed this
aspect of nature.

In order to see the wave-equation structure of the Hamilton-Jacobi equation, contemplate the physics of
waves propagating through aspatially non-isotropic media . Ordinary waves in an isotropic media
would obey the standard wave equation

r 2 =
n2

c2

@2 
@t2

(11.1)

in which the index of refraction is constant. The solution is, for example

 = A sin
� 2�

�
(r � n � ct)

�
(11.2)

Wavefronts (surfaces upon which has the same phase everywhere) are planar and always remain so.
Consider instead the case in whichn = n(x; y; z), (spatial anisotropy) and consider solutions

 =  0 eik 0(L (r )� ct) (11.3)

The surfaces
k0

�
L (r ) � ct

�
= constant (11.4)

form the wavefronts and waves may move faster in one region ofspace than another. Substitute this into
the wave equation to obtain

r 2 = � k2
0n2  (11.5)

If this is going to be our new wave-mechanical theory, what must n(x) be such that the theory reduce to
the Hamilton-Jacobi theory? Compute the derivatives on the left side from our explicit expression for  

ik 0r 2L � k2
0r L � r L = � k2

0n2 (11.6)
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For very short � 0 or long k0 we can neglect the left hand side to obtain

r L � r L = n2 (11.7)

This should look very familiar, compare it to the Hamilton-J acobi equation

r W � r W = 2m(E � V (x)) (11.8)

It appears that classical mechanics is the long wavelength limit of a geometrical optical theory in which
the index of refraction for waves is a function of the potential energy

L ! �W; n = �
p

2m(E � V (x)) (11.9)

in which � is some proportionality constant, which can depend only on constants of the motion.
Notice that the characteristic function W looks a lot like the phase of the wave

S(x; E; t ) = W (x; E ) � Et; phase = k0

�
L (x) � ct

�
(11.10)

Our new wave mechanics can simultaneously reduce to classical physics ala' the Hamilton-Jacobi formalism
and have as consequences both the Planck and De Broglie hypotheses by an appropriate choice of� .
Substitute L = �W into our proposed waveform to obtain

 = eik 0 (L � ct) = eik 0 � (W � c
� t ) (11.11)

Then if c
� = E, we can write

 = eik 0 � (W � Et ) = eik 0 �S (11.12)

and sinceS has units of action, we see thatk0� must have units of reciprocal action. Invent a new constant
~ up to this point unspeci�ed, with units of action so that

k0� =
1
~

(11.13)

Our waveform that ultimately (in the short wavelength limit ) returns us to the Hamilton-Jacobi version
of classical mechanics is

 = ei S
~ (11.14)

Now for a free particle W = px and soS = px � Et , which means that our new formalism describes a free
particle if

 = ei S
~ = e

i
~ (px� Et ) = ei 2�

� (x � ct) (11.15)

This requirement simultaneously forces

E
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=
2�v
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= 2 �f;
p
~

=
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~k0
=

1
pf ree

=
1

p
2mE

(11.16)

which are the Planck and De Broglie hypotheses respectivelyif the constant ~ is chosen to be Planck's
constant over two pi; ~ = h

2� !
The requirement that the new theory reproduces the correct expression for a free particle waveform pins
down the constant � and �nally determines the \index of refraction"

n = �
p

2m(E � V (x) =

r
E � V (x)

E
(11.17)



Since Hamilton-Jacobi theory and this realization that it i s the short wavelength limit of an optical theory
is several hundred years old, it could be claimed that it was ashort hop to a quantum theory, that could
have been made 150 years ago. However at that time there was noevidence that a wave optics mechanical
theory was correct since no experiments had revealed that matter possessed any wave-like properties.
Our �nal Schr•odinger wave equation can be written as

r 2 =
n2

c2

@2

@t2
 = � n2k2

0 = �
� E � V (x)

E

� 2mE
~2  ; or

� ~2

2m
r 2 + V (x) = E =

~
i

@
@t

 

(11.18)
The mechanical motion of a classical body in a potential is su ch that it is described by
waves whose wavefronts are perpendicular to rays which are t he classical trajectories gotten
from the Hamilton equations of motion. In addition the theory provides us with a semi-classical
approximation for the wave-function

 =  0 e
iS
~ (11.19)

If we insert this into the Schr•odinger wave equation

�
~2

2m
r 2 + V  =

~
i

@ 
@t

(11.20)

we obtain the result
1

2m
(r S)2 + V =

@S
@t

+
i~
2m

r 2S (11.21)

Which reduces nicely to the Hamilton-Jacobi equation in the limit ~ ! 0, which is the classical limit. We
regard quantum e�ects as those proportional to ~ and these vanish in the limit in which terms of order ~
can be neglected.

The Schr•odinger equation is a reformulation of particle mechanics. Consistent with the results of ex-
periments that indicate that very small matter objects behave like waves, Schr•odinger wave mechanics
describes such objects as being waves that obey a wave equation that in the short wavelength limit re-
duces to the Hamilton-Jacobi equation. We have not derived Schr•odinger from Hamilton-Jacobi, but have
instead derived the Hamilton-Jacobi formulation of classical mechanics from the Schr•odinger equation as
a short wavelength limit.




