Chapter 12

Apotheosis. Wave mechanics

12.1 Canonical quantization

The quantum product ? transforms the classical, in nite dimensional abelian algebra of functions of phase
space variables into a non-commutative algebra of objectshat cannot be simple functions (functions
commute). These objects are no longer functions ok and p, and so we will distinguish them from
functions of x and p by putting a carat over them . They derive or descend from classical variables,
and so we use the same symbol (with the addition of the carat) ® denote them. These new objects again
form an in nite dimensional algebra, but it is a Lie algebra, with a simple Poincare-Birko -Witt basis
R" AMin which objects that are not \normally ordered" in this way are reduced to normal ordering by use
of commutation relations [10]. The PBW basis is not the only basis for such objects, as we will soon see.
The action of the quantum object f* on the wave-function (x) can be deduced from the quantum product
f ? F with the Wigner function. By establishing how the most fundamental quantum objects act on the
wave-function, we can perform all of our work with these objets and itself, and dispense with the Wigner
function.

We have already seen two examples; Eq.10.41
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and in fact we can specialize Eq.10.42 by picking/ (x) = X, to get
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and we can verify that the quantum operators =transformations of de ned by these quantum products

. d Iq ~2 d2
R =X p= |~d—X, = ﬁW+V(x) (12.1)

do indeed obey the required Lie algebra identitiesvhen acting upon
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which some people write asq§”\p] = i~. This fundamental commutation relation or FCR is only valid
as an equivalence of operators (transformations) acting on .

The star product de nes an associative \product" (bilinear combination law) of two quantum operators
that is consistent with ordinary concatenation, one operabr applied to  after the other

[ al=fale; (Fo) =(Ff@); [Fa =(®©) o) (12.3)

The original quantization formula Eq.10.7, the prescription for transforming a classical dynamical system
into the analogous quantum system, can be re-written as a&anonical quantization  prescription

im LR 29Xip)  g(xip) 2T (Xip) _ thogs  If61= i~ ggm (12.4)
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(commutators of quantum operators are i~ times the corresponding Poisson brackets of the classical
analogs).

\Quantization is the construction from the classical syste m of a quantum operator system

that corresponds to the classical system” in some loosely de ned sense, since the exact meaning of
\corresponds" is vague. The three dominant quantization stiemes arecanonical, path-integral , and
phase-space (star product)

The canonical quantization schemes are typically accompshed through a few very simple steps, all of
which can be derived from the phase-space quantization schee;

Determine primary quantities among the classical variables, that form a Lie-®isson algebra (a Lie alge-
bra under the Poisson bracket), and construct a Lie algebra K.12.4 (under the commutator bracket) that
preserves the algebraic structure (preserves the struct constants).

The primary objects are typically taken to be certain constants, arbitrary functions of the phase space

coordinatesq’; ;g and linear functions of the phase space coordinateg®;  ;p", with the important
requirement that constant operators simply translate as
1=1

For f a member of the classical Poisson-Lie algebra the correspdence (mapping) that preserves the
structure constants is obviously
fl V¢

(the tangent vector to the phase manifold in the direction of increasingf ) since it is a representation of
the Lie algebra under the Poisson bracket, and so

fA: i"“Vf

is a suitable mapping to an operator, but to impose the requiement for constants 1 =%, we modify this to

= i~vp + f
Unfortunately this spoils the [f1;f5] = i~(ff1;fzg) requirement, and so we correct this with
= i~vi+f+ (v¢); d =! (12.5)

in other words is the canonical one-form = p;dd (see section 7.2).



A deep and important lesson is learned by this constructionjmeasurements made on the system will
transform the wave-function . What are the outcomes of these measurements?
A fundamental postulate of quantum mechanics is that quantities such as x and p are outcomes
of measurements of position and momentum, and are thereforeandomly distributed variables subject to
some probability distribution function. We discovered in a recent problem that the average of a set of
momentum measurements is
e Codpdx . o H T g g E
b= p?F(Gp) 5 — = pi (Mifdp= ) i~= 7 dx

in which we recognize the quantum momentum operatorp”acting on the wave-function. By the same
process used to get this result we can obtain

1
Hi= f(x;p)?F(x;p)
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and if this must be a real quantity, as all classically measuable quantities are, there must be some conditions
on the quantum operator f".
A linear transformation T is Hermitian if its matrix in some representation over a vector space hashe
property [T] = [T =[T]. An operator " acting on the space of square-integrable functions is Herrtian
i g I e I

' (x)  (x)dx = &) (x) dx (12.7)

This is important for two reasons;
1. The eigenvalues ,, of Hermitian operators are real

fAn(x)z n n(X)

2. The eigenfunctions corresponding to di erent eigenvaluesare orthogonal
1

M) m(x)dx =0; né m

If these eigenfunctions are square-integrable, meaning i
1

M) n(x)dx=1;8n

then they act like a vector space basis in the sense that any s@re-integrable function can be expanded
in a linear combination of these eigenfunctions, and Fourieanalysis can be used to nd the coe cients;

L1
X)= a n(x) (12.8)
n
Note (X) is square-integrable provided
L — 1 —
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This is critically important because j (x)j? is the probability distribution function for x-measurements,
and the probabilities of nding getting position outcomes on the intervals [x;x + dx] must all add up to



one.
Finding the coe cientls:|arn is simple;

1
&) (x)dx = am X)) m(x)dx = am nm = am (12.9)
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Why are the eigenvalues of a Hermitian operator real?
d h:l .

f* n(x) IEn(X) dx = n n(X) @n(x)dxz rl1:| r|1__6() n(X) dx = rl1:|
L] 1 1 1 1
&) (x) dx= Mk . (0 dx= ,

and if the operator is Hermitian these are equal, making , = [;'a real number.
This is precisely what we want to represent measurement outmmes of physically observable quantities;
guantum operators associated with physical observables arHermitian operators. The average value or
expectation value of such measurements is
U o o — —
Hi= 0 (x) dx=  apan o) 0 n0)dX=  ag8n nome = jan® n (12.10)
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and according to the usual interpretation of an expectationvalue, we see that
1. The only possible outcome of an f measurement is an eigenvalue o of £,
2. The probability of getting n as the outcome of an f measurement is janj?.
These two statements form the foundation of quantum measurment theory (regard them as two postulates
of wave mechanics), and also provide us with a strategy for tekling fundamental problems in quantum
theory; we should establish the eigenvalues and eigenfurions of all of the physically important Hermitian
operators.

What happens to a quantum system after a measurement is made®low does it evolve in time? In classical
mechanics, time evolution of dynamical variables is dictaed by

dp;a _ ...
and in quantum theory by
f2H H?f =i~fL i~F=[f H] (12.11)

but how does (x) evolve? Examine EQ.12.11 and compare it to our Lax-pair tine evolution equations
Egs. 9.13, 9.14. If} does not containt explicitly, we can write the solution to this as

f(t) = em=Ht o) e 1t (12.12)

which tells us that .
() = e="t (0) (12.13)

Di erentiation of this results in the time-dependent Schiedinger equation
i~@@t xt)= B (xt) (12.14)

This is the \quantum equation of motion", telling how the wav e-function evolves in time. It is another
fundamental postulate of wave mechanics. This can be re-fonulated in terms of a time-evolution
operator O(t; 0)

xt)= 0t o) (x;0; )= 0t 0)f )01t 0);  O(0)= et (12.15)

which is our rst example of a unitary operator UT= U™L,



12.2 The behavior of the wave-function ( xX)

Beginning with the one dimensional, time-independent Schedinger equation,
d? om L]
dx2 xX)= — V(X) E (x)
We perform the transformation (note that in the classical limit, S(x) will be the action) (x) = 5
om [ 1

-
sTx) + S{x) 2l TV E

(an ordinary di erential equation) which is interesting be cause it depends only on the derivatives ofS.
Now let us separate Uinto real and imaginary parts by introducing the real functi ons A and B:

R )
Sx)= AX) + i (X); = g (ACO+I () dx (12.16)

Substitution into the Schredinger equation results in one real and one imaginary equation

1 1
2m
— V(x) E

0 (12.17)

A+ AX)?2 (x)?
‘tx)+2A(x) (x)

Applying the similarity-invariance concepts of our singular-point analysis training to this equation, we see
that each of A and possess Laurent series iR with a simple pole of order one

1
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Cancellation of the pole requires that
1 1
Aci(x)? —1(0)?=2m V(X) E ; A-(x) —1(x)=0 (12.19)

The second equation clearly has two solutions, the rst beig A_1(x) = 0; the dominant singularity
amplitude A_1(x) varies slowly compared to the phase —;. As we will see later, this will be true far from
classical turning points. We learn that

1
-1x)= 2m(E V(X))

which is valid when the total energy is greater than the potertial energy because this is the imaginary
part of SY At the next order ~°

AZ +2A_ A0 2 19 = O
B +2( —1A0+ oA—q) = O (12.20)

giving



and we can reconstructS
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N 2m(E V(X)) +InCs+i ++0(~) (12.21)

(I break the constants of integration into real and imaginary parts). This rst solution is only valid in

regions where the kinetic energy is positive £ >V (x))
R 4
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above(x)

Eq. 12.19 has a second solution,—1 = 0, in other words the phase varies slowly compared to the am|itude.
The solution is 1
A-i(x)=  2m(V(x) E)

This can only be valid where the potential energy is greater han the total energy because A is the real
part of SY Everything else is pretty much the same up to the next order n ~ except that the constants
of integration must be real. The resulting solution can only be valid where the kinetic energy is negative,
beneath the potential function at classically-forbidden x-values

R 0 ———r
+D_e & V0B
1 (12.23)
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It is apparent from the denominator, that both of these approximate solutions 'blow up' near the classical
turning point where E = V(x) and cannot be valid. What we have are the approximate solutons away
from the potential hill and beneath the potential hill. Away from the potential hill, the particle acts

similarly to a free wave - the phase is oscillating. Beneath hie potential hill (classically forbidden), the
particle undergoes exponential changes in amplitude.

Example . Suppose thatV(x) =0 for x< 0 andV(x) = Vp for x 0. For a system with 0< E <V g the
wave-function Eq.12.22 forx ' 1 reduces to

_ _ L1
|+ X | — i
D E’beE_elkx + El—geE_e—lkx; k = %,_TE

in other words a right-moving plus a left-moving free wave, loth of which are solutions to the Schredinger
equation. The approximate solution is the exact solution. The solution forx 0 is

—
D D_ D_ 2
oo = P=eX+ Ppoe ¥ = pe ¥, = ~—T(Vo E)

since we must discard one of the two terms, it would not be sque-integrable. We shall pick C; and
rename the remaining two constants

eikx + Re—ikx
Te X (12.24)

X< O(X)
sz(X)



To be complete we must nd the approximate solutions everywtere and match coe cients to connect
the solutions continuously at the junction between the clasically allowed/forbidden regions, the classical
turning point.

Call the classical turning point x1, whereE  V(x1) = 0. Expand 22 (V(x) E) in a Taylor series about
X = Xp;

W E)= Uil x)+ Uplx xa)+

To rst order, one nds
d2
W(X) = Ui(x x1) (X)
This di erential equation is known as the Airy equation, and the solution may be written in terms of Airy

functions, which are linear combinations of Bessel functias [8] with fortuitous asymptotic limits when
x 11 and well-de ned values right at the turning point

1 1
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We should be able to nd a relationship betweenC; and C_;C..
Fortunately the Airy/Bessel function solutions become asymptotic to exponential functions in the proper
limits. The relationship can be found to be as follows (oftenreferred to as the WKB connection

formulas ): O O O O
1 1 .
Ci = EC cos 2 C_= EC sin 2

Now we can easily construct global (approximate) solutions

12.3 Application; exponential potential

C. Goebel; consider scattering from the potentialV (x) = €* incident waves of energyE = % from the
left.

Begin with a repulsive potential V(x) = + €*, so that there will be standing waves asx ! 1

(x!'1 )= Ae* + At



Thenatx!1 (with ~=1) 1

2m P X
"S5 (E V(X)! i 2me?
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Now recover the original attractive potential with x! x i , then
. . '\/_ X X
(x!1 i )= Aekelx + ARg ke (x1 +1  j )= cTH 2Mmet o3

and the \transmitted" wave is a right-moving wave, and the th ese asymptotic expressions are suitable for
extracting re ection and transmission coe cients, we nd t hat

Al o4k

is the re ection coe cient.

12.4 Standard bases for quantum operators

The problem of constructing a standard basis for operators onstructed by phase-space quantization is an
old one, considered by Born and Jordan in 1925, who proposedmpletely symmetric combinations (Weyl
ordered) [11]

Too=1; Tuo=h Toa=%; Tii= 3(pa+ )

and so on, and McCoy ordering
R s

and we have already mentioned the Poincare'-Birkho -Witt o rdering.

12.5 Transformation of the wave-function

You have already seen that the free Lagrangian is quasi-inv@ant (invariant up to addition of a total time
derivative) and the action is invariant under boosts x | x"= x + v;

1 1 g 1 1
L=Zmx?! Zm x?+2v x+Vv? =L+ — m(v x+ =mvt) =L+ FAR

2 2 dt 2
I I N

and that such a change in Lagrangian leaves the classical egtions of motion invariant, % mx" =
1

d
& mx .

We are about to reveal a ne-point of non-relativistic quantum mechanics; the wave-function picks up a
phase in a Galilean transformation! One would hope that the tansformation t ! t“=t, x ! xM= x + vt
would not alter the wave-function, but it must if we are to pre serve the invariance of the equation of motion
feature; it must be that

) XEtY= € (xt) (12.26)



if the Schredinger equation is invariant under the transformation.
In more mathematical language, application of a transformaion g 2 G of the Galilean group transforms
the wave-function by a pure phase
1 1
G: (0! U@ (g9=¢0 (xt)

and in fact the necessity of this phase factor is more a propdy of the group than of the anything else; the
Galilean group possessesocycles. Wave equations that are invariant under group operations br which
the group has no cocycles will possess wave-functions thatealso group invariant.

For x"= x + vt, tH= t we have

@_ @@x, @@t @ @ _ @ @,
a@x @)@i@ @@%x @x @t @x @t
The invariance is expressed as both wave-functions obeyingame \equation of motion"

2—;% UxHth = i~@@@ UxHY: 2—;% (x;t) = |~ (x t) (12.27)
we get
~ @t Yax (x" 5 %@ me,tﬁ (12.28)

which obviously can't be satis ed by ‘{x5't% = (x;t), so we try the next best thing, a solution for which
Ex9t9j2 = j (x:t)j2, namely {xHtY= e= (x:t), and we tryto nd ;

e et . HEHxy ewxy, e M
i~ = v— e (xt) = i~ \ ( )y —v— (x;t)
@t @x @t @x ~ %(
@EI (X.t)I:I: et = 1(@ %@@ @ + _@; (12.29)
@3 / 2lad " - exex’ @ -e |
The transformed Schmdinger equation is
Ci(@ -iee <@ i-éd I Bxy ewy, 2 iy WO o)
@>2 2m @x@x 2m @R 2m @% @t @x ~ ~ @x
After mcorporatlng the Schredinger equation we get
ziee i@ ' " ewy ie . oie
2m @)2 2m @x@x 2m @R @x ~ @t ~ @x
and isolating coe cients of and o d we get
Q = . @ = } 2. “+) = } 2
@x_ mv; ot 2mv ;oor (xt)=mv x+ vat (12.30)
which is exactly that factor by which the classical Lagrangi an was transformed . Under Galilean
transformations the wave-function is transformed into
1 1

Ix2tY = U(g) (gx)= es(MVx+amv2h (- ¢)

which is not just substituting the transformed variables into the old function! If this unexpected behavior
was not the case there would be dire consequences.
Lets play dumb, and consider a simple free-particle wave

(X;t) = ei(&_ft) = ei(kx—!t)



which under a boostx™= x + vt, tY= t su ers transformation gotten by just substituting the new v ariables
into the original function

(x;t)! XUty = (xt) = gk (vt =it B gk X e

giving a non-relativistic Doppler shift

k=kY (= H; IH=1 + kv
that is inconsistent with the Planck and De'Broglie hypothe sesp= N E = hf = % = %Z

since under Galilean transformation these two should tranfrm as

p-= p+ mv; E=E+pv+ %mvz; requiring Euz D +mv; hfF=hf + DV+ %mvz

Now try this using the form of we derived
ngtq = eit(mv-(x‘lvt':)‘+ %mvtheZi (M—ft 3 _ eZi (ig—f Ty

for which the Doppler shifts agree perfectly with Planck and De'Broglie hypotheses

1 1 mv o0 v o, my2
ot ot et
Consider the problem of nding the energy states/spectrum d a rigid rotor. Starting with the classical
Hamiltonian for a free particle, we pass to spherical coordiates via the generating function (prob. 37, 52)
1 1 (111
1 1 1
H=_— 2+ T pl+ 2
om PPt P ge P

and use the part describing rigid rotation with the center of mass xed at the origin

1t -
H=_— +
a PGP
The momenta appearing are canonically conjugate to the angiar variables, and so we perform canonical
quantization with p ! p = 7 & p ! p = 72 and obtain a Schredinger equation
2 % 1 @ 1
(i )=E (5 ) (12.31)

- = 4 =
2 @2 sin® @2
If instead we began with the non-canonical classical angulfamomentum
1 :; 2 2 =
H= o Li+Ly+Ls
we would have arrived at the rather di erent Schredinger equation
2 ety e 1 e (12.32)
2l sin @ @ s @2 "7 T v '
These equations are not fundamentally di erent, the spectr a are the same and the states are
\isomorphic". Perform the transformation

c(; )= sin



and you will discover that the transformed wave-function obeys Eq.12.32, and so = . If you had
begun with the Wigner function, all of this would be rather obvious. Remember that all of the variables
are canonical, and the phase space Lebesque measure is one

1 1

1= dpddp dF (p;p;; )= dd jo(; )i

however we wish to interpretj j? as a probability per unit area on the sphere, and the area eleent is
sin d d . We pick up exactly this factor when passing to the non-canoical momentum variables
(. (.
1= dd jo(; )= dd sinjne(; )i

12.6 Problems
93. Show that the operators X, p = i~dix and ¥ = %di;z + V(x) are Hermitian. You will need to use
an important property of square-integrable wave-functions; limy _ +o (X) =0.

94. Obtain a formula for the standard deviation of f -measurements made on (x), in terms of the eigen-
values of f* and the Fourier coe cients a, of (x). Show that the only systems for which this standard
deviation is zero are those with (x) = ,(x), for somem.

95. One of the most powerful tools in quantum mechanics is thedecomposition of unity . Let ' be a
Hermitian operator with eigenvaluesf g and eigenfunctionsf ,(x)g. Show that

1
) = x oY) (12.33)

n

by proving that it satis es the all-important de nition
1

(x) (x y)dx= (y)
This means that any Hermitian operator will provide you with a representation of the delta-function.

96. Use EQ.12.5 to determine quantum operatorsjand pfor at, two-dimensional phase spaceM = R2. Of
course you will need to computevq and v, and use! = dg* dp, = pdqin orderto complete the problem.

97. Show that the Weyl ordered combinations

L = 3To2 L= 3T L3 = >

T1a
obey the commutation relations of an angular momentum algeba (use ~=1)

[Ls;Le]= Li;  [L+;L-]=2Ls

98. Quantities such as the mean and variance ( rst and second mments) of a probability distribution %

are easily measured. These are simply the most often used mamts, there are an in nite number

(I
d}
- n d . - 0 . 1 2
mn X dX X, n 1 Ll )



A rather deep question is; can one recove% from knowledge of all of the moments? If the answer is yes,
we could recover the exact wavefunction (modulus) from a (lage) set of measurements.

Unfortunately the short answer is no. However if the domain d the integration (called the support )
of u(x) = % is nite, say R x R, the answer is yes. This is because the moments will be
bounded evenasn!1l ;

Let unax be its largest value over the interval of support R x R, then

q Rn+1
x" u(x) dx X" Umax dX Umax 2——— = CR"; andso m, CR"
R R n+1
Construct
= ut)dt . mg mp my
F (x) = = —+4+ =+ =+
_r X t X x2  x8
which is convergent ifjxj > R .
Then
1 B S 1. g 1 M
u(x) = ﬁIlinO F(x i) F(x+i); since (x t)= f“ino SRR SRR (12.34)
Let (x)= Ngx(l x),for0O x 1,and (x)=0for jxj> 1. Find N, and nd all of the moments
mp = " = 2 x"j (x)j? dx. Now reconstructj (x)j by inserting these moments into Eq.12.34

This is a rudimentary \inverse scattering transformation” by which the wavefunction can be reconstructed
from measurements.

99. Consider a pair of classical holomorphic (see Eq.5.34) vables a and a'
p+ilq p. ilg

Q=a'= P P=a= P (12.35)
! h
and perform canonical quantization to create a pair of quantum operators & and &'. Show that
~2 2 1 1
———+32¢=H=1 a'a+x@a’;  andcompute @';4] (12.36)

2 def = 2
which is a \factorization" of the oscillator Hamiltonian op erator.
Prove that & has a \zero mode" ((q) (mathematicians would say that the operator has a non-zerdkernel)

a o(q)=0

and nd this function (you will need to normalize it over 1 g 1 ). Prove that this function is an
eigenfunction of i}, and nd its eigenvalue (the energy of the state). This is the \ground state" or state of
lowest energy of a quantum oscillator.

Prove that no(q) = ("a’)" o(q) is also an eigenstate off! and nd its energy. Show that the Planck
hypothesis is honored by the spectrum. You can see whg and &' are calledraising/lowering  or anni-
hilation/creation ~ operators.

100. \Square root" operators can be de ned through a power seris, for example

1 p_ P =0
2S ata 2S 2

-~ ( a'a)
o 1 (25)2

Let I ] I ]
A= 25 ataa;, B=xa" 25 afa;, C=a'a s
and compute [&; B];[A; €];[B; €]. Are these familiar?



