1 Simple elements of group theory

A group G is a set of objects together with a combination or “multiplication” law under which the
set is closed, together with a few other restrictions. The set of properties are

1. Closure; g1, go € G implies g1 go € G and g2 g1 € G.

2. There is a unique identity element e € G such that for any g € G we have ge =g and eg = g.
3. For each g € G there is a unique inverse ¢! such that gg=' =g 1 g =e.

4. The “multiplication” or composition rule is associative (g1 g2) g3 = 91 (92 93)-

It is remarkable that these few properties result in so much structure. The most common occurances
of groups in physics is as transformations of vectors or wavefunctions. For example all volume-
preserving and orientation preserving linear transformations of a vector space form the orthogonal
group on that vector space. The set of all local unitary transformations ¢ — 1/ = U(x) that
leave the action of a Dirac fermion interacting with an electromagnetic field form the gauge group.

Group theory forms a large and complete discipline within mathematics, and is worthy of study
in its own right. Physicists often simply need to know what the representations of a group are.
These are sets of matrices that under matrix multiplication obey exactly the same multiplication
table that the group elements do. We will study group theory with a focus on representation theory.

A table of all binary multiplication rules for a group is called its multiplication table, and it is
very useful but can be tedious or downright impractical to obtain in practice. For low-order groups
it is an easy job. The order Ng of a group is the number of group elements.

For example there is only one group of order 2;

G = {e, a} with aa = e. The multiplication table Ga | e
is; e e a
e
One can readily enumerate all groups of order
three {e,a,b} by constructing all possible multi- Gy H e a b
plication tables. There is again only one
e |le a b
a|la b e
b |b e a

This provides us with an example of an abelian or commutative group, one for which g¢’' = ¢’ ¢
for all g, ¢’ € G.
We begin to see some action at order four;

G4Heabc QLHeabc
e e a b c e e a b c
alla b ¢ e alla e ¢ b
b|lb ¢ e a b|b ¢ a e
c c e a b c ¢ b e a

These two groups are clearly different because the multiplication tables are different.
A subgroup H of G is a non-empty subset of G such that

a,be H implies abe H, a€ H imlies a'eH

The multiplication table readily shows subgroups, we see that G3 has no subgroups, neither does
G4 but G contains G5 as a subgroup.
Subgroups are important for several reasons. Let H be a subgroup of G with a and b € G, if



ab~! € H we say that a = bmodH, meaning that there exists some h € H such that a = hb.
This is an equivalence relation in that first a = amod H since e € H, a = bmod H implies
b = amod H since a = hb means h™'a = b and so ba™' = h™! € H, and most importantly
a =bmod H and b = cmod H implies a = cmod H. Why? note

a=hb, b="hec, (ab )b H)=h=n"ecH

and so ac™! = h", or a = k" c. We say b € [a] if b = amod H
This equivalence relation is responsible for the decomposition of G into a union of disjoint sets
(called right cosets of H in (). The notation is

Ha={halh € H}
and the property responsible for this partitioning is
Ha=la)|={x € Gla=xmodH}

Two right cosets are either the same or are disjoint (no common elements). First note that Ha C |[a]
since any g € Ha is of the form g = ha for some h € H, and so h~! = ag~! making ag~! € H, or
a = gmod H. This places g € [a]. It is equally easy to show [a] € Ha, and so [a]| = Ha.

It is clear that there is a one-to-one correspondence between elements of a two distinct cosets H g
and Hgo; pick some h € H, then the correspondence is hg; < hgo, which is one-to-one since
hgi = h'g1 would imply h~'h/ = e within H, but H is a group and so inverses are unique, forcing
h=~h.

What we have is a partition of GG into disjoint sets, each of size Ny since He = H is a right coset.
This implies Lagrange’s theorem

The order Ny of H a subgroup of G is a divisor of Ng. This tells us right away that a group
of order four can have subgroups of orders one, two or four only.

The index of H in G is the numbe of right cosets of G by H;

Zg(H) = Ng/NH

Suppose that G has two subgroups H; and Hs, then the set HiHs is the set of all products of the
form hihg with hy € Hy and he € Hy. This may or may not be a subgroup of G.

If HHHy = HoHy, then HyHs is a subgroup of GG. Note that apriori these two sets need not be the
same.

Since clearly H1Ho C G we need to establish that HyHs is a group.

Closure. hyhy, h}hl are in HyHo, but if HHy = HyH; then there exists b € Hy and hl € Ho
such that hoh) = h{hY so that

(hihg)(RyRY) = hi(hohy)hy = hi(h{hy)hy = (h1hY)(hyhy) € HiHy

Inverse. Let hihy € H{H>, then (hlhg)_l = h;lhl_l € HoHy = H1H> so (hlhg)_l € H{H5 and
H{H, is a group within G, a subgroup of G.
We can show that if H; and Hs are any subgroups of G, the size of the set HiHo is

N, Ng,

Ny, =
1 NH1ﬁH2

The most important of all subgroups are the normal subgroups; N a subgroup of G is normal
(write N <1 G) if for every g € G and n € N we have gng~! C N. Right and left cosets of a normal
subgroup coincide.



Note that N <1 G if and only if gNg~! = N for all ¢ € G. The forward proof is trivial, since if
gNg=!' = N then gNg~! C N. Now imagin that N <G, then gNg~! C N, and g"'Ng C N, so

g(g7 Ng)g~t c g(N)g™t, therefore N C gNg*

forcing gNg~' = N. If N <G then gNg=! = N, so gNg~' g = Ng or gN = Ng for any g € G
making left and right cosets coincide.

If g1 and gy are related by g; = ggog~! for some g € G we say that g; ~ go (they are conjugate, and
conjugacy is another equivalence relation that will partition the group into disjoint subsets. This
partition is critical in representation theory. The set of elements g1 ~ g is called the conjugacy
class of g, or the orbit of g.)

Here is the best part of the normal subgroup story;

(Na)(Nb) = N(aN)b = N(Na)b = N(ab)

and so the cosets themselves have the group property of closure.

We call G/N the set of right cosets of N <G in G, a typical member of the set can be denoted
by Ng. This set is closed under multiplication, it has an “identity” coset (in fact its N = Ne)
and each coset Ng has an “inverse” (Ng)~! = g !N = Ng~!. Furthermore the multiplication is
associative

(NaNb)Nec = (Nab)Nec = N(abc) = Na(NbNc¢) = Na(Nbc) = N(abe)
and so the set of cosets of a normal subgroup form the quotient group of G by N, and
Ng/n = Na/Nn

A few more technical introductions. For any g € G, the normalizer N(g) of g in G is the set
{d € G|gd'g=gg'}. The center Z(G) of G is the set of all g € G for which g¢’ = ¢'g for all ¢’ € G
(the set of elements that commute with all group elements). Both the normalizer of any element
and the center of a group G are subgroups of G.

A complete example.

The Dirac string trick.

Normally a braid group generated by
{91+, g} with gigi+19;i = gi+19igi+1 (left
figure illustrates g1g291 = g29192) would be
infinite order, since g;' # e for any n, unless
other relations are imposed.

Why is it called a “braid” group? Consider
n parallel strings, fixed at a top bar, that
can be braided. Let g; = (i + 1) represent
the act of passing string ¢ over string ¢ + 1.
Then g¢? is the act of winding strings i and
7+ 1 around each other. The group element
9; ! passes string ¢ + 1 over string %, so no
intertwining occurs in the group element

-1
gig; =¢€

If the “bottom bar” of the braid is finite length, one can work the strings around the lower bar
ends, or rotate the bar by 7 radians.



This allows the condition g¢1929091 = e
(right figure) to be imposed on a three-strand
braid. Construct the full group. J J
This makes the braid group (in this case) fi-
nite; call a = ¢1, b = g2, aba = bab, then
abba = e implies b = a2

bt = ba"2b = baa"*ab = bab*ab

= (bab)b?(bab) = (aba)b?(aba)
= (ab)(ab*a)(ba) = (ab)(ba) = e

and
at=e, d®=a?2=0’, al=d> b l1=0p3
We begin by constructing words ( W

{e, a, b, ab, ba,a® = b, a®, b°, aba = bab}
and products that cannot be further reduced, made from these words, such as

a’b, ba’,

all other products being reducible, by use of the constriant, except for bab = b3ab = a3ba = aba® =
bab® = ab3a = a®ba Of all of these I choose the elements

G = {e, a, b, ab, ba, a*, aba, a®, b3, a®b, ba®, ba®b}

and construct the multiplication table.

G H e b ab ba ad b3 aba a® a’b  ba®  badb
e e b ab ba a’ b3 aba a’ a’b  ba®  ba’b
a a a® ab b3 aba e a’b  ba® ad b ba’b  ba
b b ba a’ aba a’ ba? e a’b b3 bab a ab
ab ab aba a3 ba? e ba3b a b a’b ba a® b3
ba ba b3 aba e a3b b ba3b a ba? a’ ab a’
a3 a3 e a3b b ba’b  a? ab ba a b3 aba  ba?
b3 b3 ba? e ba3b a ba b? ab b aba ad a3b
aba || aba  ab®  ba? a b ab ba a®> ba’b  ad b3 e
a’ a’ ad b3 a’b  ba? a b ba3b e ab ba aba
a3b a’b  ba’b a ba a’ aba a’ b3 ab ba> e b
ba? ba? b balb  a? ab b3 aba a3 ba e a3b
ba3b || ba’b  ab ba ad b3 a’b  ba? e aba a b a’

From this one can see that e and a? are in their own conjugacy classes, another class is {ab, ba}
and {a®b,ba’}. The orbit equations

bab~' = Z, ba = Zb, has solutions Z = ba’b, b, a

and none of the remaining elements are self-conjugate and so the conjugacy class structure (orbits)
are

{e},{a}, {ab,ba}, {a®b, ba®}, {a.b,ba*b}, {aba, a*,b*)



Problems

The permutation group on 3 objects is

ez(i Z g)z(l)(2)(3)a ng(é i g>:(12)(3), m:(i ; i’);(lg)@)

gg:<} ; §>:<1><23>, g4:<§ . i”), 95=<§

Work out the multiplication table, find all subgroups, indicate any that are normal, and determine
the conjugacy classes.

== N
N W
~_—

1.1 Representation theory

A (matrix) representation of a group is a set of matrices whose matrix multiplication laws preserve
the group multiplication table. Consider the group Go = {e,a|a? = e}. A matrix representation is

p<e>=<é (1)), p<a>=<$ é)
p/<e>=<é $>, p'<a>=(}) _°1>

They are in fact equivalent, there is a transformation matrix C' such that

Cp)C™ = p(e),  Cp(@)C = p'(a)

and another is

A dead giveaway is the trace or character of the representation matrices being the same. The
matrices representing all members of a conjugacy class will have the same trace (trace is a class
function), note

Tr(p(e)) =Tr(p'(e)) =2, Tr(pla)) =Tr(p'(a)) =0
Characters were introduced by Frobenius, and are the trace of a matrix representation of a group
element

Xp(9) = T p(g)

and these quantities can be used to determine how many irreducible representations a group can
have.

Proof that equivalent representations have same characters. Two representations p and p’
are equivalent if there exists a transformation C' such that

p'(9) =Cplg)C™", Trp'(g)=TrCp(g)C~" =Trp(g)

therefore character is a class function (we assume that C' = p(g) for some g € G); if g1 and gy are

in the same class then there is a ¢ such that g» = gg1g~" so

Trp(g2) = Trp(g) p(g1) p(g—") = Trp(gr)

Let p(g) and p/(g) be irreducible representations of dimensions d and d’ (so p(g) is a d x d matrix
with elements (p(g) ) respectivly. Pick any X an d x d’ matrix, and construct the matrix
ij

C= o) Xpa).  Cy=3 (o), Xu (p'a),

geG geG



Then

p(h)C =" p(h)p(9) X p'(9) = D p(hg) X p'(g) = > pld') X p'(¢'""h) = Cp'(h)
geG geG g eG
Schur’s lemma Says that if C' is a constant matrix for which p(h)C = Cp/(h) for all h € G then
if p and p’ are inequivalent representations, C' = 0. Otherwise C ! exists (so C is a square matrix,
d = d') and they are clearly equivalent. This lemma also says that the only matrix that commutes
with all group matrices is a multiple of the unit matrix. The d # d’ case should be clear; that for
p, p' inequivalent we have C' = 0 (since p(h)C is d’-dimensional and Cp/(h) is d-dimensional). For
p and p’ equivalent then C' = X - p(e). If we take X;; = 0 and Xy =1 for (i,k) # (j,£) we get

> (@), (™), =0 X (o9),,(pls™),, = miedis

i
geG geqG J

for some set of numbers 7;,. Let £ =4 and sum on i;

SN (P(g)) ..(P(g_l))& = ;00 = dnje

ij

geG i
but
>3 (o), (pa™),, = X plag s = Na(p(e)),,
geG i geG
and therefore N N
=), - 25,

and we get the group orthogonality relation

g; (p(g))ij (rlg™),, = % Sik Oje

Now set ¢ = j and h = k and sum over ¢ and k defining the character to be the trace of the
representation matrix x,(g) = Trp(g) = >_; (p(g))ZZ = (p(g))ii;

D @ X0 =0, D xp(9)xplg™h) = % Trp(e) = Ng
geG geqG

This is the master formula, and we can simplify it by establishing some facts about the character
that can be elucidated from group theory principles. First of all, for any group element g € G the
set of powers {¢° = ¢, g,9°%,9%,---,g"¢} is a subgroup of G. Closure and associativity are obvious.
If each power is a distinct element, we are in trouble since there are Ng 4+ 1 > Ng objects in this
set. Therefore it must be true that there are redundancies, and there is some power n, the order
of g, for which ¢g" = e. The resulting group (since you can see that inverses are also powers of g)
{e,9,9°,---,9" '} is called a cyclic group. Note that G3 was a cyclic group, that b = a?.
Consider then that ¢/V¢ = e for any group element, and examine a d-dimensional representation;

(p(9)Ne = p(g™) = ple) = Laxa

the last equality is true since p(e) commutes with all elements of the group. Now let Up(g)UT = A
where

M 0O - 0
0 A O ;

A= 77l xe(@)=Trplg) =Tr Up(g)U") =M1+ A+ -+ \g
0 -+ 0 N



Note then that

)\i\fc 0O --- 0 1 0 --- 0

Na .

UpguhyNe = | 0 AT 0y 010
0 ... 0 A 0 -~ 0 1

and so each term in the character is a root of unity,

27Ti]}\;—/ . /
A =€ G, for some integer k

Therefore we find that p(¢~') = p~'(g) = pf(g) and so x(¢7') = x(g9) = x*(¢9) and the master
character formulas become

D xe@ X5 @) =0, Y xo(@x0lg7) =D xp(9) X(9) = Ne

geG geG geq

Character is a class function. The proof is very simple. Let g and ¢’ be in the same conjugacy
class, then there is some h € G such that ¢ = hgh~!, and this is honored by any representation

plg') = p(h) p(g) p(h™"), so take traces
Xo(0) = Tr(p(h) plg) p(h1)) = Tr(p(h™") p(R) p(g)) = T (p(9)) = xo(9)
Let G have classes ¢, each of size N(c), then

> N(c) = Ng

and each g € ¢ = [g] has the same character in representation x,(c), so that the main character
formulas (we call these the orthogonality rules) are

Z N(c) x,(c) X;*(c) =0, ZN(C) Xp(€) X, (c) = Ng.

Every group has a trivial representation with each element represented by the number 1.
The character of every class is 1. This representation is typically denoted by “A”. How many ir-
reducible representations does a group have? It has as many irreducible representations as it has
classes, since the master character equation is essentially a statement that the characters, regarded
as vectors (with their numbers of components equal to the number of classes) are orthogonal to
one another.

To see how the details of the irreducible representations are constructed, return to the Dirac braid
example, and begin looking for another one dimensional representation (xg(e) = 1).

Irrep || {e} {a®} {ab,ba} {a®b,ba®} {a,b,ba’b} {aba,da? b}
A 1 1 1 1 1 1
B I xa X2 X3 X4 X5

for which the master character formula says
1+X1+2X2+2X3+3X4+3X5 =0
and the group product rules require that

X1X2 = X3,  X2X3 = X1 = X2, X1X3=X1=X2 X1X4=X1=X5



X4X3 = X4, = x3 = 1, X4X4 = X1
There are several possibilities; if y; = —1 then
Xo=x1=-1, Xa=-Xs5xi=—Lxa=7%i, x5=TFi
and if xy1 = 1;
x2=x1=1, xa=x5 1+14+24+24+3xa+4x4=0=xa=-1

and so we can construct a total of four one-dimensional representations

Irrep || {e} {a®} {ab,ba} {a®b,ba®} {a,b,ba’b} {aba,a® b’}
1 1 1 1 1 1

wii@]leelie—

1 1
1 -1 -1 1 —1 {
1 1

This cannot be the whole story, to find the remaining representations we construct the regular
representation, which a group always has, but is reducible in that it is the direct sum of irre-
ducible representations.

The group algebra

We can construct a vector space from the group, by regarding the group elements as a basis of
some sort. Consider the objects

r=a191 + a2+ - +angn, @ €C, g €EG
These objects can be added;

y=> bigi =) a;g z+y=> (a+b)gi
5 i

(2

and multiplied, since gg; = g;, and so form an algebra, which is also a vector space. But the
so-formed vector space is reducible.

Any group or algebra has a very special representation, called the regular representation of the
group, or adjoint representation of the algebra, defined by the multiplication table. We think of
gg1 = go as saying that “g acts as a linear transformation on g; transforming it into go”. Since
linear transformations are transformations on vector spaces, this interpretation is made legitimate
within the context of the group algebra.

Example consider G = {e,a,b|ab = ba}, then

100
ee =¢, ea=a, eb=> implies 010 e | =1 e
0 0 1 b b
100
so on the basis G of the group algebra (vector space) we find ppe4(e) = 0 1 0 |, and
0 01
0 01 a b
ae =a,aa =0b, ab=e implies 1 00 e | =1 a
010 b e



1
pregla) = | 0
0 0

Calculate the character of this representation, G has three classes

Xreg(e) = Trpreg(e) =3, Xreg(a) = Trpreg(a) =0, Xreg(b) = Trpreg(b) =b

The structure of the character table, with each group element appearing once and only

O O O
—_ O
o = o

0
0 ) Preg (b) -
1

once in every row and column guarantees that the only group element for which (pmg(g))ii #0

is g = e, so that x,eq(€) = Ng and Xyeq(g # €) = 0 for any group.

So what is meant by reducible and irreducible? A representation is reducible if the vector space
contains subspaces that actually form representations of G themselves, and irreducible if the vector
space contains no such subspaces. Lets construct an example. Since (3 is so small, we can find
sets of complex numbers that honor the group multiplication table, and so form one-dimensional
representations.

Gs H e a b Begin with a class seperation and the trivial representation,
A1 1 1 and propose a second representation;

1 x vy the orthogonality character formula requires
1-14+41-2z4+1-y = 0, and since x and y are com-
plex numbers that honor the group multiplication table

Gy | e a b we must have p(a)p(a) = x(a)x(a) = x(b) or 22 = y and
A1 1 1 pla)p(b) = X(a)x(b) = x(e) or zy = 1, which requires
omil  ori2 2 =1orz = e¥™5 or g = &7 %, which in turn makes
Bt ens ey = €2™3 or y = €275 tively. The character table h
o1 o2z g2nid y=e ory=e respectively. The character table has

two more irreducible representations (a one dimensional
vector space has no proper subspaces).

I propose that the regular representation of G35 has three subspaces, one forming an
A representation, one transforming as B and one transforming as C. This can be proved
with the group character orthogonality formula, which is a major application of this formula.
Suppose some representation is a direct sum of vector spaces each forming an irreducible represen-
tation of G

p=pLDp2D---Dpr
or possibly containing multiple copies
p=EPnipi; then x,(9) = nixp(9)
i i
where {p;} are the set of irreducible representations. Pick some irreducible representation p; and
multiply
Xo(9) X5, (9 mepl 9) x5, (9)

and sum over g € G
Do xo(9) X5, (9) = DY nixp(9) X5, (9) = > nidij = njNg
geG geG i i

and “Parseval’s” identity

> Xo(@xp(9) = D232 > nanixei(9)x;,(9) = D Namandij = No Zn

geG i j geG 4,J



If we do this for the regular representation of G3 we find that
na=1, np=1 nc=1, Preg = pA D pB D pc

Let the dimension of each irreducible representation p; of G be d;, and use the fact that for any
G Xreg(e) = Ng and Xyeg(g # €) = 0. The regular representation is reducible, and so

Xreg(9) = Z n; xi(9)

and use orthogonality to compute n;, the multiplicity of representation p; in the regular represen-
tation;

1 (1) = 1 (1) = vi(e) = d
m—NG%:Zi:xreg(g)xz(g )_Nng:Xi:NGég,eXZ(g ) = xile) = d;

The regular representation contains d; = dim(p;) copies of each irreducible representa-
tion of G, preq(9) = i di pi(g). In this formula, set g = e and take traces to get the character
dimension formula

preg(e) = Zdz pi(e)v Xreg(e) = Ng = Zdz Xi(e) = Zd?

Continue the analysis of the Dirac braid group, since apparently there are more representa-
tions. Apply the dimension rule; 1 +1+1+1+d% + d% = 12, so dg = dp = 2, and so

Irrep || {e} {a®} {ab,ba} {a®b,ba®} {a,b,ba’b} {aba,da’ b}

A 1 1 1 1 1 1
B 1 —1 —1 1 ) —1
C 1 -1 -1 1 —1 7
D 1 1 1 1 —1 —1
E/F | 2 4 P2 V3 P4 Vs

the orthogonality rule with A and D say
2+ 1+ 2¢0 + 2934+ 3pa + 3¢5 =0, 2411 + 2¢p2 + 2903 — 39y — 3¢5 =0

SO
241 + 290 + 293 =0, Py = —s5

the orthogonality rule with B and C' say
2—t1 =2+ 2¢p3 =0, 4y =15, compare; 2+2¢3=0,93=—-1, P1+2=0
resulting in two possible solutions
1 =2,P3=—1, or Y =-21y=1
Irrep H {e} {a®} {ab,ba} {a®b,ba’} {a,b,ba*b} {aba,a? b}

A 1 1 1 1 1 1
B 1 -1 -1 1 ? —1
C 1 -1 -1 1 —1 1
D 1 1 1 1 -1 -1
E 2 -1 -1 0 0
F 2 -2 1 -1 0 0

10
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Problems

1 Work out the character table for Gy4.

2 Work out the character table for G.

The subgoup H = {e,a®} consists
of whole classes and so is normal
gHg™' € H. Furthermore from the
table one sees a’>¢g = ga®, Vg € G so
that H is the center of G. The group
G is a double cover of a dihedral group
(or of S3), and is a discrete subgroup
of spin-su(2).

Twist the bottom bar by 7 radians, this
puts braid into state a='b"'a"!, and a
27 twist results in

(a—1b—1a—1)2 — (aPBPa?)?

— (ab)(a?)(ba) = (aba)? = a? # ¢

and so a 4w twist restores the braid to
its untwisted state

(aillfla*l)él = (a®)?=e

(the gadget has the spinor property).

3 Work out the character table for the permutation group on three objects.

4 Take three objects x, y, z and form a vector whose components are v = | vy

T
. Use it to construct
z

a three dimensional representation of the permutation group on three objects. Is it irreducible? If
so, reduce it by finding the bases in the group algebra for the irreducible subspaces.

5 Construct the regular representation for the permutation group on three objects. Use the group
orthogonality formula to reduce it, and actually do so, find the bases in the group algebra for the

irreducible subspaces.

1.2 More on the general braid group

The braid group relations are

9i9; = 9j9i, [t — j| > 2,

9i9i+19i = 9i+19i9i+1,

11

-1 -1
9i9; =9; 9i—=E¢€.



Even though it is an infinite dimensional group (g¢/* # e for any n), it has four generators! This
means that any group element can be expressed in terms of four fundamental elements. Call
A = g1g293---gn-1 and Q = g1 A. Then

gA=Agi1, 2<i<N-1

and
g1AA = AAgn_4

This is instructive to prove;

A? = (9192939495 : "9N-1) (9192939495 : "QN—I) = (9192919392949395949695 o 'QN—29N—19N—29N—1)

= (919291) (9392949395949695 T 9N729N719N729N71) = (929192) (9392949395949695 T 9N729N719N729N71)
= 9291 (929392)949395949695 YgN-2gN-19gN—-29dN-1 = 9201 (939293)949395949695 " gN—-2dN-1gN—-29N-1

= 92919392 (939493)95949695 T YgN-2gN-19gN—-29N-1 = 92919392 (949394)95949695 " gN—-2dN-1gN—-29N-1

= 929193929493 (949594)9695 " YgN-2gN-19gN—-29N-1 = 929193929493 (959495)9695 " gN—-2dN-1gN—-29N-1

=+ = (9291)(9392)(9493)(9594)(g695) - - - (QN—QQN—lgN‘Z)gN_l

= (9291)(9392)(9493)(9594)(9695) - - - (IN—19N—2)IN-19N—1

and so
1A% = (919291)(9392) (9493) (9594) (9695) - - - (N-19N—2)gN—-19N—1
= (929192)(9392)(9493)(9594)(9695) - -  (IN-19N—-2)gN-19N -1
= (9291)(929392)(9493)(9594)(9695) - - (9N-19N—2)gN—19N—1
= (9291)(939293)(9493)(9594)(9695) - - - (IN-19N—2)IN—19N—1
= (9291)(9392)(939493)(9594)(9695) - - - (IN-19N—2)gN-19N -1
= (9291)(9392)(949394)(9594) (96 95) - - - (IN-19N—2)IN-19N -1
= (9291)(9392)(9493)(949594)(9695) - - - (IN-19N—2)IN-19N -1
=+ = (9291)(9392)(9493)(9594)(9695) - - (IN—29N-19N—2)IN-1gN -1
= (9291)(9392)(9493)(9594) (96 95) - - (gN-19N—29N-1)gN-198-1 = A’gn_1
then with
ga—Aga 1A 1 Aa 191(A 1)a71’ gaAa 1 Aa 1
gN-1=Agn oA, gy =APgy3ATE o gnop = AN*l*aga(Afl)Nflfa
and use

G = Aaflgl(Afl)afl

apply both to
AN =AAgy, AV ATTIAZ = APANT g (AN TIma AN AN — g,
It may not be necessary to use {2 but you see it in the literature;

— QAfl’ gi = Agi—lAil — AQQ@‘—2(A71)2 —_ Ai*lgl(Afl)ifl — Ai*lQ(Afl)i
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AN — QN—I

The entire group is generated by {A, 2, A1 Q~'} (or alternatively by {A, g1, A™1, g7} ?).

Note that if we impose g; = g; ! (g; becomes a transposition of strings i and i 4 1) then the senses
of crossing are indistinguishable and the braid group on N strings becomes the finite permutation
group on NN objects.
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